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FOREWORD

| am delighted to present to you this textbook, which is developed by the Ministry of General
Education and Instruction based on the new South Sudan National Curriculum. The National
Curriculum is a learner-centered curriculum that aims to meet the needs and aspirations of
the new nation. In particular, it aims to develop (a) Good citizens; (b) successful lifelong
learners; (c) creative, active and productive individuals; and (d) Environmentally responsible
members of our society. This textbook, like many others, has been designed to contribute to
achievement of these noble aims. It has been revised thoroughly by our Subject Panels, is
deemed to be fit for the purpose and has been recommended to me for approval. Therefore, |
hereby grant my approval. This textbook shall be used to facilitate learning for learners in all
schools of the Republic of South Sudan, except international schools, with effect from 4%
February, 2019.

| am deeply grateful to the staff of the Ministry of General Education and Instruction,
especially Mr Michael Lopuke Lotyam Longolio, the Undersecretary of the Ministry, the staff
of the Curriculum Development Centre, under the supervision of Mr Omot Okony Olok, the
Director General for Quality Assurance and Standards, the Subject Panelists, the Curriculum
Foundation (UK), under the able leadership of Dr Brian Male, for providing professional
guidance throughout the process of the development of National Curriculum and school
textbooks for the Republic of South Sudan since 2013. | wish to thank UNICEF South Sudan
for managing the project funded by the Global Partnership in Education so well and funding
the development of the National Curriculum and the new textbooks. | am equally grateful for
the support provided by Mr Tony Calderbank, the former Country Director of the British
Council, South Sudan; Sir Richard Arden, Senior Education Advisor of DfID, South Sudan. |
thank Longhorn and Mountain Top publishers in Kenya for working closely with the Ministry,
the Subject Panels, UNICEF and the Curriculum Foundation UK to write the new textbooks.
Finally, | thank the former Ministers of Education, Hon. Joseph Ukel Abango and Hon. Dr John
Gai Nyuot Yoh, for supporting me, in my previous role as the Undersecretary of the Ministry,
to lead the Technical Committee to develop and complete the consultations on the new
National Curriculum Framework by 29 November 2013.

The Ministry of General Education and Instruction, Republic of South Sudan, is most grateful
to all these key stakeholders for their overwhelming support to the design and development
of this historic South Sudan National Curriculum. This historic reform in South Sudan’s
education system is intended to benefit the people of South Sudan, especially the children and
youth and the future generations. It shall enhance the quality of education in the country to
promote peace, justice, liberty and prosperity for all. | urge all Teachers to put this textbook
to good use.

May God bless South Sudan. May He help our Teachers to inspire, educate and transform the
lives of all the children and youth of South Sudan.

Deng Deng Hoc Yai, (Hon.)
Minister of General Education and Instruction, Republic of South Sudan
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FUNCTIONS

Introduction

Previously, we discussed the relationship between two variables using
simple equations such as y = 2x + 5. In this equation, the

variable y is a function of x. which is written as y = f (x), since
¥y = 2x + 5 theequation is written as, ¥y = f(x) = 2x + 5 or
f(x) = 2x + 5

In these functions, the inputs and outputs are real numbers. For
instance:

Input x -1 0 1 2 3 4
Output f(x)=2x 4+ 5 3 5 7 9 11 13
Table 1.1

In this chapter, we will consider broader functions whose input and/or
output values may be integers, sets, strings, characters and the like.
Suppose A and B are two sets of numbers and a certain rule assigns
each element of set A to exactly one element of B. Such a rule is a
function.

A function is a rule that assigns each value of a set A to exactly one
value of a set B.

The set A, which is the input value, is called a domain or object
values of the function. The set B, which is the output value, 1s called
the co-domain or the range or image values of the function.



Domain and Range of Functions

Domain is the set of all real numbers (x € R). It consists of all the
values of x for which f(x) is well defined. It can also be called the
object.

The co-domain of a function is the set of all real numbers v = f(x)
that is well defined by the domain. It is also called the range or
image.

Graphing a function

The relationship between two variables defines the nature of the
graph of their relationships. The most common relationships that
exist are either linear or non-linear. Non-linear relationships include
quadratic, cubic, polynomial, trigonometric and exponential
relationships.

As each value of the domain maps to a single value in the range, there
will be a unique y-value for each value of x.

By definition, a graph of a function is a set of all points whose
coordinates (x,y) satisfy the function y = f(x). In the graph, for each
x value there is a corresponding y value obtained by substituting into
the expression f(x).

Linear graphs

These are graphs of the functions whose general format is
f(x) = ax + b where a and b are constants. They are straight line

graphs.

Task 1
1.  Draw a graph of the function f(x)=2x+3,x€ K

Solution

This graph is drawn by obtaining any three values of x (the domain)
then solving for corresponding y values to determine some points the
graph passes through.



flx)=2x+3

f(1)=2x143=5 P1 (1, 5)
f(0)=2x0+43=3 P2 (0, 3) (This point is the y-
Intercept.)

f(3)=2x3+3=9 Ps (3, 9)

1. The graph is shown in figure 1.9 below

. /
v /
10 /

Figure 1.9

Quadratic Graphs
Example

Draw the graph of y = x* , x € E and state the range.
Solution

Determine a set of ordered pairs of x (domain) and v (co-domain).

o



10

[&)]

-5
Figure 1.10 Quadratic graph

The range of y = x* is positive reals including zero F;

Graphs with undefined points

Example 4

Draw the graph of v =1+ i , x € E\0 and state the range.

Solution

1
1+ =

X

b
I

x+1

X

-
Il



Note: When x = 0 a number is divided by 0 and the result is not
defined. Hence x = 0 is not in the domain of vy =1 + f and y does not

exist. The notation E\p means all the real numbers excluding zero.

The graph cannot be drawn when x = 0. This line x = 0 (y-axis) is
an asymptote of the curve. Similarly, as the magnitude of x gets very
large f approaches zero so y approaches 1. There are no values of x for

which y = 1, so this is another asymptote.

A table of ordered pairs of values for y =1 + f 1s:

X 4 -3 2 1 0 1 2 3 4
y 3 2 1 0 2 3 4 2
4 3 2 2 3 4
y
10
5 P
|
. e
.
&
10 5 0 5 10
A
_5

Figure 1.11
5



The asymptotes are drawn with a dotted line.

The range of y =1 + f 1s all the real numbers excluding one (& \1).

Example 5

Draw the graph of y = vx, and state the range.

Solution
x 0 1 2 3 4 5 6
y 0 1 V2 V3 2 V5 V6
Y
10
-5
L i T
' o d t T
5 0 5 10
X
-5
Figure 1.12

This graph is a half parabola.
The range of y = /x is positive reals including zero (R;)

Example 6

You are given the function y = —3x+1,



1.  Determine the values of x for which the function is defined.
1.  Develop a suitable table for drawing the graph of this function

1i.  Draw the graph of y= +—-3x+1

Solution

1. The function is not defined for real numbers with —3x+ 1 <0
since the square root of a negative number is not a real
number.

—3x =< —1

1
xX = —
3
It is hence defined for all real values of x < 2.

L

1. A possible table of values

x 1 110 14 -2 -3 -4 -5
3 4 2
N 1
e e N N T T
wlz wlz wIz wIz
111. The graph is
15
A".
‘. + 10 ,,,,,,
~ ‘ 5
5 0 5 10
X
5
Figure 1.13



Exponential Graphs
Exponential graphs are graphs of the general formula y = a* where a

1s a constant and x 1s an integer.

Example

For the function y = 3*

i.  What is the y-intercept?
1.  Draw the graph of v = 3*, x € E and state the range.

Solution

All exponential graphs of general formula y = a* pass through (0, 1).

x 3 -2 1 0 1 2 3 4
y 1 |1 |1 1 3 9 27 |81
33 32 3

As x decreases y approaches zero but can never take the value zero so
the x — axis is an asymptote of curve y = 3%, and the range is all

positive reals (0 7).

Figure 1.14

8



Trigonometric graphs

Task

The graphs below represent the trigonometric functions. In groups,
match the functions for sine, cosine and tangent with their graphs.
Add labels for axes and asymptotes.

State the domain and range for each function.

-

s

-3

30

-
-1

-3

30

e

30

Further reading activity

In groups investigate how to draw graphs using software.

o



Sketching graphs

It is often more convenient to draw graphs with technology rather
than plotting points by hand. Rather than printing the graphs, it is
often more convenient to sketch the graph. A sketch includes the key
features:

e The shape of the graph

e Labelled axes

e Any intercepts (i.e. when x and y are zero)
e Any asymptotes (as a dotted line)

Example

10



Exercise 1.1 (work in pairs and use technology)

1. Find the value of ,

L f(1)
i, £(3)
iii.  f(5)

for each of the following functions.

a. flx)=x*—4x+3

b. flx) = x

c. flx)=Vx*+3x+1

d. flx) =x*V2x+1

e. flx)=10—3x +4x® + 3x°
£ flx) = .:rz-lz-f.r

2. For each of the following functions, determine the domain and
range.

a) flx)= =
b) flx)= vx*+1

) flx)=xyx—2

1

d) f(x) = ==
o) flx)=
D F)= mom
g flo)=

11



h) flx)= Jx*—3x—4

D flx)=

3

X

3. Draw the graph of the following functions x € E and state the

range
a) yv=4x+2
b) flx)=3x+2
c) flx)=2x—4
d) fl(x)=7x—8
e) flx)=-7 —4x

) 2x—2y+3=0
g) 4x — 3x + 2v = 0

What do you notice?

4. Draw the graph of the following functions x € R and state the
range
a) v=2x>+3
b) flx) =x*+4x
c) flx)= —x*+ 2x
d) v=2x*—3x*+4
e) ax* +y+ 4=0

What do you notice?

5. Draw the graph of the following functions x € R and state the
range
a) v=x+3x
b) 3x*+2x+y=0
c) flx)=x*—x"

6. Draw the graph of the following functions, state the domain
and range.

12



d) 2f(x)+7x+3=0

7. Draw the graph of the following functions x € R and state the

range
a) y= 2
b) flx) = 4*
¢) flx)= 157"
8. The electric power P (in watts) delivered by a battery as a
function of the resistance R in Ohmsis P = ;,lf;ﬁgfz .

Plot the function of power against resistance.

When is a graph not a graph of a function?

When plotting a function each element in the domain takes a unique
value in the co-domain/range. Several elements in the domain may
result in a single element in the co-domain.

Task

For the graphs (1-7) below, decide whether or not y is a function of x.

1. The straight liney =—x +1

13
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2. The quadratic
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Figure 1.15
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3. The graph of the equation y = cosx

[ T
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Figure 1.17
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4. Thee llipse, -+ =1

Figure 1.18

5. The h yperbolagraph x%—y®=1
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6. The circle x*+ y? =25
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Figure 1.19
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7. The graph of equation x = y* —3
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Figure 1.21

Example 1

Without using the graph , determine whether or not the equation of a
circle x* + y* =1 is afunction .

Solution

Substituting x = 0 inthe equation =x?+y? =1,

x*+yr=1
0+y =1
y= 11 y=+1or y=—1

Since there are two valuesof  ywhen x =10, x*+y* =1 isnota

function.



Exercise 1.2

Determine whether or not the graphs of the following equations are of
a function.

1. y=x+x"+3x+4
2. v=x—x
3. y=x=

4, y* =x"+3x +4

5. 2x*+ 2y* —4x +2y =10
6. 3x°—2y*+3xy=0

7. y=2*

8 x=(y—3)*+5

Implicit and Explicit Functions

The word implicit means, a suggestion through indirect expression.
An implicit function is the one in which a function is defined by a
relationship between the variables e.g. 2x + v = 7.

An explicit function is one that is defined clearly and directly e.g.
y=—-2x+7.

Example 1

The relationship between x and y is defined implicitly as
x> +xy—2=0.

a) Express this as an explicit function.
b) Determine the domain and range of the function.

18



Solution

a) x> +xy—2=0
xy=2—x"

2—x°
'!J:

i x
2
y= ——Xx

i x

b) Recall that x + 01is undefined. Thus 0 is not part of the
domain.
The domain 1s any real number except 0 which can be
written as E\1= {(—c0,0) U (0,00)].
As x gets very large, y approaches -x, so y = —x is also an
asymptote.
The range is any real number[] .

Example 2

x*+¥* =9 is an equation of a circle.

a) Is it an implicit or explicit equation?

b) Does it represent a function?

¢) Which two functions h(x) and g(x) form the equation
x*+y*=97?

Solution

a) It is an implicit equation as there is no direct expression of

flx).
b) Check whether there are unique y values for each value in the
domain.
If x=0
x*+y*=9

yi=9
y = +Jo = +3, y=—3 andy=3
As there are two distinct y values the equation is not a function.
¢) Rearranging to find an expression for y

19



yveo=9 —x°
- —
Vo= 49 —x
J—
y=4+y9—x°

The two explicit functions are:
glx) = —9—x* and,

h(x) =49 —x*

Exercise 1.3

Where possible, express the following implicit equations as explicit
equations.

y=2x+ 2+ 4y

flx)=x*+3+6

x*+y =6

x*+y*=5

Tx®+ 4x*+ 3y =x

9xy + 3x°y+ 3x%y+3x7+4x+20=0
xy —4y=x"+1

-
yx—2y=xy

P NSOk L

Using implicit equations to describe functions

It should be clear that not all implicit equations can be expressed as
explicit. For instance, the equation ¥*+ 3y+2x=0 cannot be
expressed explicitly. This i1s because one cannot express y as a
function of x.

In determining whether or not implicit equations are of a function,
one needs to determine the result of the equation at any value x and

20



find out whether a domain-range relationship exists. Technology can
also be used to draw the graph of the equation and look to see if there
1s a unique y value for each value of x.

Example

Determine whether or not y* + 3y + 2x = 0 is a function.
Solution
Tryx=10
vi+3vy+2x=0
vi+3y=0
y(*+3)=0
y=0, or y*= -3, y=+/-3,
y is not defined at x =0, since v —3 is not a real number.

In this case, 0 does not have a mapping and hence, v* + 3y + 2y =0 is
not a function.

Exercise 1.4

1. Determine whether or not the following implicit equations are a
function.
a) v —3y+2x=0
b) 4x*+ 20x%+ 160x*+ 80x + 20y =0
c) yx*+16y=x*— 16— Bxy
d) 25 (x—3)*+10(yv+2)*= 100
2. Determine the range and the domain for the functions above.

Modulus of a function

The word modulus means the absolute value or magnitude of a
number. Modulus of x is written as|x|.
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In inequalities, if |x| <k, then —k < x = k.

Example

Draw the graphs of
a) y = f(x) = [3x|

b) v = flx) = [x* + 3x|

Solution
a) ¥y = f(x)=|3x|
X -4 -3 -2 -1 1 2
3x -12 -9 -6 -3 3 6
[3x| 12 9 6 3 3 6
R )
0
5
>
20
10
q0 0 e
_x—_axs _
—.10
a) v =f(x)=|x*+ 3x|
x -4 -3 -2 -1 1 2
x%— x 4 0 -2 -2 4 10

12
12



|f(x)] 4 0 2 2 0 4 10

10

-5

If a function y = f(x) takes both positive and negative values,
function y = |f(x)| takes only positive ranges.

Example

1.  Draw the graphs of the following functions on the same
Cartesian plane.

a. vy, = —x"—1
b. ¥, = |-x*— 1]

1i.  What is the relationship between the graphs of y;, = f(x) and
vy = If(x)l.

ﬂ



Solution

\ e / Vv, = |—x°—
II o | - &
| :.- |
19 d +
kY 9 .".
WE 7
A
-] 46 4 -2 v 2 4 ] 8 10
X-AXrs
# '“"\__
i :
|
[ 1 — 2
' \ vy=—x"—1

The negative range in y, = f(x) is reflected in the x-axis to obtain a

modulus function y, = |v,| = [f(x)l.

Exercise 1.5: Work in pairs, use graph plotting software

1. Draw the graphs of the following

a) v= x-

b) v= x*—3x

c) v=Ff(x) for f(x) = —x*+ 3x

d) ¥ =[f(x)| for f(x) = —x*+ 3x

e) v=f(lx]) for f(x) = —x*+ 3x

) v==x—2x"—3x+2

g) v =|f(x)l for f(x) = x*—2x*—3x +2
h) v = f(lxl]) for f(x) = x*—2x*—3x +2
i) y?=|x|

N y= 13

k) y=Ilxl+2
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D v= —|x+ 3]
m) v = |f(x)] for f(x) = x*+3x—4

2. Determine the domain and range for each of the following
functions.
a) f(x)=|x* —3x|
b) f(lx]) =2x+x

0) f(x)=1=|
b £ = y-'|::-x|
&) f(x) = ==

Application of Modulus

The modulus of a function where y = |f(x)| always gives a positive
value solution. Such solutions are used to determine countable
valuables such as the age of a person or baby; and countable or
measurable quantities such as mass. If the law in a relationship ought
to give absolute value and the same calculations such a relationship
may be expressed as an absolute function.

Some quantities such as temperature have two units that are closely
related. One of the quantities provides a negative scale (degrees
Celsius). In such cases, an absolute temperature scale 1s used.

Task

In groups prepare a justification for each of the following statements:
1. |x|=0 An absolute value is greater than or equal to zero.
2. [o]=0
3. |—x|=|x|==x

4. lxl+lyl = |x + ¥
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Inverse of a function

If a function ¥ = g(x) exists and you can find unique solutions
x = f(y) for all y, then x = f(y) is the inverse function of y = g(x).
This means the function must be one-to-one.

The symbol for the inverse function is f~*. If ¥ = g(x) has inverse
x = f(y) then g7 (x) = f(x).

Example 1

Determine the inverse of the function f{x) = x + 2.
Solution
v=Fflx), flx)=x+2 making x the subject
yv=x+2
x = g(yv) x =y — 2 take the inverse and write as a function of x.

Fllx)=x—-2

Hence, the inverse of f(x) =x+2 is f i (x)=x-2

Example 2

You are given the function f(x) = 3x + 2. Determine the

a) inverse of f(x), f~!(x).

b) range and domain of f~!(x).

Solution
a) v= fix) y=3x+2 flx)=3x+2
x=g(y) x= 1= ===

b) Domain of f~'(x) is all real numbers.
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Range of f~1(x) is all real numbers.

Example 3

Determine the inverse function of h(x) = x*,x = 0 (Note this is a one
to one function)

Solution
Let y = x* v =f(x) = x*
y=x°
x = [y as the domain is strictly positive

f_itxj = ‘H'I'Er x=0

Graphs of inverse functions

Example

On the same axes, draw the graph of the function f(x) = x*,x = 0 and
its inverse.

Solution

X 0 1 |2 3 4 5
f(x) = x* 0O |1 |4 9 16 | 25
FUx)=vx |0 |1 |V2 |V3 |2 |5
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From the graph above, one can identify four relationships between a
function and its inverse.

1. The graph f~!(x) is a reflection of f(x) in the line y = x.

2. If a point (a, b) is on f(x) then the point (b, a) exists on f1(x).

3. The domain and range of the function and its inverse are
interchangeable if they both exist.

4. A function must be one-to-one in order to have an inverse
function.

Exercise 1.6

1. Determine the inverse of the following functions, stating any
conditions on the domain in order to do so. Sketch the function
and its inverse.

a) flx)=3x+4

b) fGx) ==
¢) h(x)=+3
d) flx) = x?

ﬂ



e) flx)=x*+2
) flx)=x*+2x+1

g flx) = x3
h) g(x) = =
D gl = =
) Fl) = T
k) f(x) =%

Composite Functions

A composite function is a function obtained by successively applying
two or more functions. The result of a composite function is obtained
by applying one function to the results of another.

For example, f(x) = g(h(x)), first apply h to x, then apply g to h(x).

Example 1

Given the functions g(x) = x* + 2x + 3 and h(x) = 2x + 1, solve:

a) f(x) = g(h(x))
b) k(x) = h(g(x))

Solution

a) f(x)=g(h(x))
=g(2x +1)
=(2x+1)*+2(2x+1)+3
=4x* +4x+1+4x+2+3
=4x>+8x+6

b) k(x) = h(g(x))
=h(x*+2x +3)
=2(x*+2x+3)+1
=2x*+4x+6+1
=2x"+4x+7
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Note: In the composition of a composite function, the ordering of the
functions is very important since the results are likely to be different.

Example 2

Given the function g(x) = vx—1 and h(x) = x?,
Find f(x) = h(g(x)) and state the domain and range
Solution

f(x) =h (Vx—1), x = 1; h(x) = x% x = 0; range is all positive reals

including zero.

flx)=(Vx—1 l:, x = 1, range is all positive reals including zero.

f(x) =x—1, x= 1, range is all positive reals including zero.

Note: Just considering the composite function solution f(x) =x —1
could be misleading, as it might suggest that the domain and range
could be all real numbers.

Composition of inverse functions

Theorem: If a function f(x) is a composition of a function g(x) and its
inverse function g~*(x), then f(x) = x.

Example 1

Given thatg(x) = x — 2, find:

a) g7 (x)
b) flx) =g(g7" (x))
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Solution
a) g(x)=x-2, v=x—2
x=y+2
g ()= f(¥)
x=fy)=y+2
Hence g7 (x)=x+ 2

b) f(x)=g-g7"(x)
=gl(x +2)
=x+2-—2
Fo) = x

Definition

The inverse of a function f is a function £~ that satisfies the property

FF@) = (fx)=x

Example 2

Prove that p(x) = x* and h(x) = x+ are inverse functions of one
another.

Solution
p[h[xj) = (x»;:f =x
h(p() = (%) = x

Since p[h(xj) = h[p (xj) = x, h and p are inverse functions.
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Example 3

Given the function g(x) = 3x — 11, h(x) = x*, find:

a) f(x) =g(h(x))
b) g(1)

c) g t(x)

d) g(h(1))

Solution

a) g(h(x))= g(x?)
=3x*=3x>-11

b) g(x) =3x—11
g(1)=3%x1-11
g(1)=-8

c) glx)=3x—11,

y=3x—11
v+11
x:
3
. x+11
g =5

d) g(h(x))=3x"—11
g(h(1))=3%x1*-11=-8

Exercise 1.7: Work in pairs.

1. Given the functions
flx) =4—x7 g(x)= Vx+4andh(x) = i,
Evaluate:

a) flg(x))
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b) f(h(x))
0 g(f(1))
d flg(x?)
e) h(g(x))
H flg(h(x)))
g) g(f(h(x)))
h) f(g(h(0)))
) g™ (x)
) FRH)

. Given the function f(x) = x*+ 3x+ 2 and
glx) = +/x + 2,explain why function f(g(—3)) does not exist.

1

x=+2

. Write f(x) = ‘Hll as a composition of two functions g(x) and

h(x).
. Show that the following pair of functions are inverse of each

other.
a) f(x)=x?*and g(x) = V/x.

b) f(x)=3x—3 and g(x) = ;—f+l

. I
c) hix)= ;—_l and f(x) = Jf-I— 1
. Given a function g(x) = x* + 1 has a domain [1,0), find the
domain and range of the inverse function g~ (x).

. Determine the range and domain of the function f~*(x) given
that f(x) =x*—2.

. Write each of the following composite functions as a
composition of two functions.
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a) f(h(x))=Vxi-1

b) g(h(x)) = (3x — 4)°

) flg(x))=

d) flg(x)) = x*

8. For each of the following functions, specify the domain of its
inverse.
a) f(x) =x>—2x+ 3 with domain [1, o)

b) h(x) = |x| with domain (—co,c0)
¢) gl(x) =4 —x* with domain [I*

Operations on functions

Functions are operated on like other equations. For instance,

a) 2f(x) = f(x) + f(x)
b) f(x) +g(x) = (f + g)(x)

) L8 =f)+g0

Example

Given that f(x) = 2x* + 4, g(x) = x* and h(x) = 2x, find

a) flx)+g(x)
b) 2h(x) +3g(x) + f(x)
c) (f+g+h)(x)

Solution
a) flx)+g(x)=2x"+4+x°
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=3x% 44

b) 2h(x) +3g(x) + f(x) = 4x + 2x> + 4 + 3x°
=5x"+4x+4

c) (f+g+h)(x)=Ff(x)+ g(x)+ h(x)
=2x"+4+x7+ 2x
=3x+2x+4

Exercise 1.8: Work in pairs.

1. Given g(x) =x*+3x+ %,f:’nd

a) 2g(x)
b) glx) +2¢7 (x)

2. If the function f(x) = g(x) + 2h(x) and f(x) = x*+ 7x and
hix) =x*+9x+ 2, find g(x).

3. If f(x) =x2+3, g(x) =x>+2x+ 3 and h(x) ==, find

a) f(g(x))

b) (f+ g)(x)

¢) flx)+3g(x)

d) (g+f+h)(x)

e) flg(h(x)))

f) g(h(f(x)))

g) (3h+2f+3g)(x)

h) f(g(1))

1) (2f+3h)(1)

j) f(0)+2h(1) + 3R(3)
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UNIT 2: TRIGONOMETRY

Introduction

The word trigonometry is derived from two Greek words: trigono and
metry that means a triangle and measurement, respectively. In our
basic mathematics, we discussed various types of triangles. The
measurements of a triangle that can be made include the dimensions
of the sides and the angles at which these meet.

In general, we define trigonometry as a branch of mathematics that
deals with the relationship of the dimensions of the sides of a triangle
and their angles and the functions of the angles.

Trigonometric Ratio Identities

Task 1

In groups study and discuss the figure below of a unit circle center
0(0, 0) with a right triangle OQP such that, its vertex P is on the
circumference and angle POQ = 8°. Answer the following questions:

P(a, b) = (cos 0, sin 0)

Figure 2.1



Write an expression for ;
1. Sine#
1. Cosine 0
1. Tangent 6

b. What are complementary angles?

Identify the pair of complementary angles in figure 2.1 above.
Write general expressions for;

i. sin(90-— 6)°

ii. cos (90— 8)°
From the solution in a and d above what do you infer about
cosine and sine of complementary angles.
Draw a line x =1 that is parallel to y-axis and meets the x-axis
at point A(1, 0). Extend the side OP to meet the line x = I at B.

. . . . ing
Using similarity show tanf = —

cosd

Exercise 2.1: Individually

1.

In each of the following triangles, find the values of the given
ratios. (Leave your answer as a fraction).

a) tan@ c) cos@
b) sinf
36
0
4 2 100
1 ’ 0
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b) d)
2. If x is an acute angle in a right-angled triangle, tan x = % , find

the value of:
a) sinx
b) cosx
3. If y is an acute angle in a right-angled triangle whose tany = 5,
find, in surd form:
a) cosy

b) siny

Task 2

Study figure 2.2 below and compare the two triangles. Use them to
derive expressions for cos#,sinf and tan 8

sin 0

cos 0
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There are three additional trigonometric functions, that are the
reciprocals of the three met thus far:

Cosecant is the reciprocal of Sine.

1

or Csch =

Cosecant 8 =
gin & gin g

Secant is the reciprocal of Cosine.

1 1

or Sec B =

cosd cosd

Secant 8 =

Cotangent is the reciprocal of tangent.

1 1
Cotangent 8 = m or Cotf = —

Special Acute Angles in Trigonometry

The right-angled isosceles triangle and equilateral triangle are very
important in day-to-day life. They are mainly used in construction. It
1s possible to obtain exact values of the trigonometric functions for
45°, 60° and 30° from such triangles. The values obtained can be

applied in all trigonometric problems.

Task 3

Determine cos#,sinf and tan & for the isosceles right angled triangle
in figure 2.3.
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Figure 2.3

Hint: Use Pythagoras’ theorem to find AC. Use angle sum of a
triangle to find angle &.

Task 4

The figure below shows an equilateral triangle A PQR .

PQ = QR = RP = 2 units. Determine cos#,siné and tan# and for
90° — 8.

Hint: Drop a perpendicular from R to PQ. Use Pythagoras’ theorem to
find the perpendicular height. Use angle sum of a triangle to find
angle 8.
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Exercise 2.2: Work in pairs.

1. Determine the complementary angles for the angles below:

a) 30° e) 37°
b) 60° f) 20°
) 47° g) 74°
d) ase h) 90°
2. Find the acute angles x or y in each of the following questions.
a) cosx® = sin 45° d) cos20° = siny®
b) sin 20° = cos y° e) sin40° = cosx°®
¢) sin40° = cos x° f) sin25° =cosy®

3. Using your results from tasks 3 and 4, simplify the following
without using calculators. Leave your answer as a rational

number.

a) sin 30° ) cot 30° sec 45°
b) sin 45°cos45° core0” sin 307
c) 4cos30°sin 45° ) (cor30*+sec 30°)

gin 45°+cos45”
cos45%+ 2 gin 307
d) tan 45° h) cos” 45°+cot” 607
tan 30°
{cos45%+ein 30°)(tan 307)
e) cot 30° . cos 307 - cot® 60° - sec’ 6O0F
) cot® 30°+tan® 30°

4. The angle made by the hydraulic machine pulleys and its
horizontal base is 30° The vertical distance from the base to
the vertex is 10m. Without using a calculator, find:

a) The horizontal distance between the tips of the pulley.
b) The length of the arms of the pulley.

Hint: draw a diagram
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5. The angles at the vertex of a bulb glass holder whose shape is a
cone is 902, If its slanted height is 3v/2 m , find

a) The diameter of the cone.
b) The height of the cone.

Hint: draw a diagram

6. Show that sin®30° + cos®30° =
7. Without using a calculator, calculate the missing dimensions in
the following triangles.

a)
B

A 120°

13m

b)

\2
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Finding Trigonometric values for non-acute angles

JT\J \J
N

\ /

-300 o 300

y = sin@

y = cos#

-300 300

| I I- I | y = tanf

Trigonometric functions are periodic, which means there are multiple
values of for any given .

Task

Given that sin 30° = %, use the graph to find:

a) cos60° c) sin210°
b) sin 150° d) sin330°



e) sin(—30°9) f) sin(—150)

Exercise 2.3: Work in pairs.

1. Leaving your answer in surd form, simplify the following

expressions.
a) sin —45° d) cos45°
b) cos—30° e) cot—60°
c) tan&0° f) sec3oe°

2. Find the value of the following trigonometric expressions
without using a calculator or tables.
a) cos150° c) sec240°
b) tan210° d) csc240°
3. Find the trigonometric function values using properties of
special angles.
a) tan(—120°) c) sec(—1507)
b) cot(—225°)

4. Find the values of the following leaving your answer as a

fraction
a) cos750° c) sin(—600°)
b) csc—420° d) cos(510°)

5. Evaluate and leave your answer in surd from.
a) cos30°+4 cos330°
b) sin 420 + 2sin(—60°)

c) 3cotl120°+ 4sec(—1507)
d) 3coe 30° -gin 45°

cot 1207

cotl50® gec 2257
e) - -
2 cot{—607) sin 3907

f) cot 30° +sec 1507
gin 405° cos 4057
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) cos® 457 - cot® 1207 -zec(—240°)
cot 18300 *+=in®(—210°)

Pythagoras’ Theorem and Derived Trigonometric Identities
Using Pythagoras’ theorem and the unit circle, it is possible to derive
several other trigonometric identities.

Task

The figure below shows a unit circle and a right triangle O@QB. In
groups of four students study it and answer the questions that follow

P(a, b) = (cos 0, sin 0)

Figure 2.1

1. Use the triangle OQP to prove the identity cos® 8 +sin*8 = 1
ii. Use the identity cos*f +sin*# =1 to show that

a. 1+ tan®#8 = sec*@

b. cot’@ + 1 =csc* @

The above identities can be used to prove several other trigonometric
relationships.

Example 1

Show that =} 1FenY — Jsecx.
l+sinx COBX

Solution

To show the left hand side (LHS) and the right hand side (RHS) of the
equation are equal, select one side of the equation and simplify it.
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COSX 1+ sinx

2secx = .
1+ sinx COSX

LHS RHS
Leaving LHS and simplifying RHS.

COS X 1+ sinx

1+ sinx COSX

_ (cosx )cosx + (1 +sinx)(1+sinx)

(14 sinx)cosx

73 23 . . -
cos"x +1°+ 2sinx +sin” x

(14 sinx)cosx

e . 2 .
cos“x +sin“"x+ 1+ 2sinx coslx+sin®x=1

(1+ sinx) cosx

_ 1+1+2sinx

" (1+sinx)cosx

2+ 2sinx

" (1+sinx)cosx

2(1+ sinx)

" (1+sinx)cosx

2
= = Z2secx
COSX

So RHS i1s equal to LHS as required.

Example 2

cosd cosd

Show that 2tanf = —— —— .
1-sin# 1+sin@

Solution
Simplifying RHS,

(1+ sinf)cosf — (1 —sinf) cosf
(1—sin@)(1+ sinf)
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cosfB4cosd sind—cos@ +cosfsin 8

1-sin®#

2cosfEin @

1-zin®@

2coefein @

cos® @

2eind

cosf

= 2tan#d

RHS is equal to LHS as required.

Exercise 2.4: Discuss in groups and prepare to present your

findings to the class.

Select three from the following identities and prove them.

b) cec Bcos ff

= cos’f8
tan B4+cotff

cozd
c) P secf +tan ¥

d) tanfsin# —secl = cos@
g) sin®f =sinf — sin fcos*

3+sina gin® o+ 4gina+3
h) =

1-sina cost o

1) cogy _ l—s=iny
l+einy COEY

1) (cosf +sinf)* + (sinf — cosf)* =
m) (cscf + cotf)(cscl —cotf) =1

47

tan® 8—1 7
) ———=1—2cos’#
tan® 841
. tan® &
f) sin"f = —/——
tan® x+1
) 1 __l4tan®=x
J tan x cosx tan x

=1

gin®* @—cos* g
) Ein"E—coE"F

gin® @—cos* @



1-gin 8

n) secx cscx = tanx + cotx ) =gecld —tan® B
l+sind
O) gin® x _ secxtcosx )
l4costx sec x+cosx q) sect = sin EECDTE + tan H)

Compound angle formulas for Trigonometry

A compound angle is a sum, difference, product or quotient of a
variable angle.

For instance:

a) Sum and difference of angle identities
b) Double angle identities
c¢) Half angle identities

In this section, we assume x and y are acute angles greater than 17,

though these formulas are true for both positive and negative angles.
Similarly x + v, x — v must be acute angles. These identities include:

a) cos(x T v¥) =cosxcosy +sinxsiny
b) sin(x + v) = sinxcosy + cosxsiny

) aniey) =

1
wherex +v # (k — E] 180°

d) sin2x = 2sinxcosx

bl . b
e) cos2x = cos“x —sin® x

1—tan®x
f = (1 k+ l) 180°
Witere x — —
2 4

g) 2cos’x =1 +cos2x
h) 2sin2x =1 — cos2x
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Sum and Difference of angle Identities

Task 3: Work in groups.

Use a large copy of the diagram below to derive sin(a + £) and
cos(a + f5).

sin{oc +£)

cos(ox +5)

Task 4

Replace # with - 8 in your expressions for sin{a + ) and cos(a + ) to
derive expressions for sin(a — £) and cos(a — )

Deriving Double angle identities

Double angle identities are derived from the sum and difference angle
1dentities. As illustrated in example below.
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Task 5

Replace § with & in your expressions for sin(a + £) and cos(a + ) to
derive expressions for sin{2a) and cos(2a)

Deriving Half Angle identities

Half angle identities are derived from double angle identities. Look at
the example below.

Example 1

Prove the identity 2 sin*8 = 1 — cos 26.

Solution

cos28 = cos“f —sin~ # cos?@ +sin?6 =1

cos28 =1 —sin® 8 —sin® @

cos28 =1 — 2sin* 4
2sin*8 =1 —cos 28
Other exact values of trigonometric functions

Angles that are multiples of 7 %“ are special angles since they can be

constructed by use of a pair of compasses and a straight edge. The
values for the trigonometric functions of these angles can be
determined exactly without using a calculator.

Example 2

Find the value of cos15° without using a calculator.
Solution

Using double angle identity
2 cos°A=1+cos24

Hence2 cos® 15° =1 + cos30°
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But cos30°=2 hence

-

/3

n W
2 cos~15°=1 -I-?

cos® 15 =

Task

In groups, complete the table below with exact values

g° zin & cosf tan &

15

30

45

60

75

90

Exercise 2.5: Work in groups. Present your findings to the
class.

1. Using the identities;
sin(4 + B) = sin Acos B + cosAsin B
cos(A +b) = cosAcos b FsinAdsin B
Prove each of the following identities.

tan A+tan B
a) t.".-'lﬂ(f-l + BJ - 1-tan A tan B
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tan A—tan B

b) 'tEIIl(H o B) = l1+tan Atan B

forA=B = (k +%)1su'=

¢) sin24 =2sindcosA

2tan 4

d) tan24 =
1-tand

1 1
for A # (;k — E) 180°
e) 2cos’4Ad=1+cos*24
2. If 2cos®8 =1+ cos28, 2sin*f L1 —cos28andt= tz—m%ﬁ' show
that;

2t

a) sinf =
142t
1-¢2

b) cosf =—
14t

c) tanf = 2
12

3. Find an expression for sin 3x in terms of sin x.
4. Prove that cos3x = 4cos®x — 3 cosx.

5. Evaluate the following without using a calculator.
a) tan75°

b) sin223°

tan 35° cos 307
) ————
gin 75°

cos 1507 sin 3907
d) ————
tan 307

6. Solve the equations.
a) cos2x = sinx for —180° < x < 180°
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b) sin2x = sinx for 0° < x = 360°
C) cos2x = cosx for —180° < x < 180°

Relationship between Sum and Difference of Angles with the

products of Trigonometric Ratios

Task

In pairs, use

1. sin(f+ ) =sinfcosf +cosfsinf
1. sin(f# —f) =sinfcosffi —cosfsinf
1. cos(f@ + ) =cosBcosff —sinfsinf
iv. cos(f — ) =cosfBcosf + sinf cosf

To derive identities for the products sin 8 cos ff, cos @ cos f and sin 8 sin

Hint: Add i1 and ii. Add iii and iv.

Task - Simpson’s Formulas

Derive Simpson’s formulas by substituting & = ? and f =

TN

in the identities derived in the previous task

x+yv x—yv x+y+x—y 2x

H = = = —_—
+B 2 N 2 2 2 *
8+5=x
ﬁ_ﬁzx—k}r_::f—}rz:4:+}r—:45+}r=Ej.rz}F

2 2 2 2
6—-F=y

Simpson’s formulas are given below.

. , . xty x—y
sinx + my = 2sin (T) COSs {T)
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=ty x—¥
CDSI+CDS}F=2CDS( . )CDS( - )

. =ty . x—¥
Enx — CDS_}?ZECDS( })sm( })

. x+yv . x—y
CDSI—CDS}FZESIH[ })sm })

-

Exercise 2.6: Individually.

1. Simplify:
) gind—cos B
gind+cos B

b) tan(A + 45°) + cot(A4 + 45°)
2. Factorise:
a) tanAd —sin 4
b) cos4f + cos58 + cos6f
c) cos*A4—sin*4
3. Without using tables or a calculator, evaluate:
a) sin15°+ cos15°
b) CDSEZ%G + CDSEZ%G
¢) sin 75° — sin 15°
d) cos105°— cos15°
4. Express each of the following in terms of cos 4
sin+cost d) tan 34
8)
b) cos44
¢) tanZ

The sine rule and cosine rule

These rules are used to calculate the length of sides of a triangle and
the angles of a triangle. A triangle has three sides and three angles.
The angles and vertices of a triangle are marked with capital letter
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while the lengths are labelled with small letters of the opposite
vertices.

Task - The sine rule

The figure below shows triangle ABC.

A~ b= AC

a. Drop a perpendicular line from vertex B to the opposite side of
the triangle (AC) write two expressions for the length of the
perpendicular.

b. Drop a perpendicular line from vertex A to the opposite side of
the triangle (BC) write two expressions for the length of the
perpendicular.

c. Hence, derive an expression relating the sines of the angles
with the lengths.

Task — the cosine rule

In groups, derive the cosine rule a* = b* + ¢ +2ab Cos A for a triangle ABC

A b= AC

Hint: Use Pythagoras’ theorem in the two right-angled triangles
created by the perpendicular from B to AC.
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Example

Solve triangle ABC, given that AB =42cm, BC = 37cm and AC =
26cm.

Solution

We are given three sides of the triangle and so the cosine rule can be
used.

Writing a = 37, b = 26 and ¢ = 42 we have a* = b* + ¢ — 2bccosA.
Substituting 37* = 26° + 42% — 2(26)(42) cos A

CosA = 2227204904 to 4d.p.

2(26)(42)
A =cos™1 0.4904 = 60.6° tol.d.p.

The sine rule can be used to derive B (37.8°) or C (81.6°), and the
angle sum of the triangle to find the third angle.

Application of Trigonometry

Throughout its early development, trigonometry was often used as a
means of indirect measurement, e.g. determining large distances or
lengths by using measurements of angles and small, known distances.
Today, trigonometry is widely used in physics, astronomy,
engineering, navigation, surveying, and various fields of mathematics
and other disciplines.

Exercises 2.7: Work in groups.

1. The angle of elevation of the top of a tower from the ground is
30°. At a position 24 metres closer to the tower, the angle of
elevation is 45°. Determine the height of the tower.

Hint: Draw a diagram
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2. Two planes depart from the same point, each in a different
directions. The directions form an angle of 45°. The velocity of
the first plane is 300 km/hour, the velocity of the second is 600
km/hour. Determine the distance between them after one and
a half hours.

Hint: Draw a diagram

3. A flagpole is fastened to a wall at an angle of 45°. Five metres
above the base point of the pole in the wall, there is a cable
fixed to the wall with a length of 3.6 m. How far along the pole
1s the fixation point?

y/ cable
// - fization pomt

45°

/ base point

4. A plane sails north and sees a tower on a bearing of 040°. After
sailing 20 km, the bearing has increased to 080°. Determine at
both positions the distance from the plane to the tower.

N

Hint: Draw a diagram

5. The diagram shows a mechanical motor. Determine the angle
between the ropes AC and AD (d =1 m).
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6. An incident ray is a ray of light that strikes a surface. The
angle between this ray and the perpendicular or normal to the
surface is the angle of incidence (a). The refracted ray or
transmitted ray corresponding to a given incident ray
represents the light that is transmitted through the surface.
The angle between this ray and the normal is known as the
angle of refraction (8). The relationship between the angles of
incidence and refraction is given by Snell's Law expressed as

Ein «

. = refractive index.
gin B

In the figure below a ray of light strikes an air-water interface
at an angle of 30 degrees from the normal (a = 30°). The

relative refractive index for the interface is S. At what distance

from PQ does the ray of light hit the bottom, if the water is 1 m
deep.
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Calculate:

1. the angle between FE and ED.

1. the vertical height C from the ground if the roofing starts
8m above the ground.



In mechanics you will deal with forces applied at designed distances
and on specified angles to make the work easier. The angles at which
various parts meet must be calculated and drawing designs made. In
the following questions 8 and 9 such situations are sketched. We will
confine to the calculation of angles between various bars.

8. The figure below shows part of a working hydraulic machine. If
the indicated distance are horizontal and perpendicular
distances, study the diagram and answer the questions that
follow.

1.25m

o) —1
/ 0,6m
1

oot

04m 03m

a. Calculate the angle between line CD and DF.

b. Calculate the angle between line AE and line EC.
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‘

9. The figure below shows a pair of pliers being used by forces P

and Q to cut a wire into two parts.
P

} ! \| 120 mm——+

f
30 mm
225 mm 22,5 mm

Calculate

a. Distance BC and CD.
b. Angle between BC and CD.



UNIT 3: CALCULUS 1 (DIFFERENTIATION

Introduction

The process of determining the measure of slope or steepness of a
curve 1s called differentiation. The measure of steepness of the curve
of a function of x, f(x) at a point Q is the gradient of the tangent to the
curve at Q. The gradient tells you about the rate of change of the
function.

Differential calculus involves determining the gradient function of
functions. A function defines how two quantities relate with each
other. In differentiation, we will investigate how the change in two
quantities relates at a given instance.

From the first principal we learnt that gradient of a curve at a given
point is the same as the gradient of the tangent at that point. A
tangent is a line that touches a curve at only one point.

For the function y = f(x), the function that represents its gradient at
any general point x is called the derivative (or differential function) of

the function. The symbol for the derivative is f' or :—z or f'(x)

The derivative of a function, y = f(x) is hence f'(x). f'(x) is the
equation of the tangent to the curve as shown in figure 3.1 below.

On solving for the general point x of the function f'(x) we obtain
gradient function or derivative.
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=5t)

tangent line

slope=f'(x)

Figure 3.1

As a curve changes the movement, direction of the gradient of the
function changes.

Example 1

Study figure 3.2 below. The figure has graph of a function f(x) with
points A(—0.5, f(—0.5)), B(0.5, f(—0.5)) and (1.5, f(1.5))

ai

B (0.5. f(0.5))

A (0.5, f(<0.5))

C (L5, f(l.5))

Figure 3.2
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a. What is the relationship between the dotted lines and the gradient of
the curve?
b. What is the sign of the gradient at points A(—0.5, f{—0.5}),

B(0.5, f(—0.5)) and €(1.5, f(1.5))?

Solution

From the diagram it is clear that the gradient at points

A(—05, f(—0.5)), B(0.5, f(—0.5)) and C(1.5, f(1.5)) is represented by
the dotted lines at these points.

At A (—0.5,f(—0.5)) the gradient is positive, i.e. the function is

Increasing.

At B (0.5,f (0.5)) the gradient is negative, i.e. the function is
decreasing.

At € (1.5,f (1.5)) the gradient is positive 1.e. the function is increasing.
The table below shows various ways in which derivative of functions

can be expressed in different ways as shown in table 3.1 below.

Expression of a Expression of derivative functions
function
fx) : dy
f(x)or e
f . d(f)
far Ix
v . dy
Vo or dx
y(x) , dy (x)
v'(x) or I

If a function of x is expressed as f(x) = ax™. Its first derivative

function is expressed as f'(x) = nax™ !
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Example 2

Find the value of f'(x) given that f(x) = 2x*®

Solution

fx) = 2x®

If f(x) = ax™ then f'(x) = nax™*
F(x)= 10x*

Example 3

Determine the value of (i) f'(x) and (ii) f'(2) for the functions

Ffl(2)=12x=12x 2 = 24

b.  fix) = 24x?®
fl{x)=72x*
Fl(2)=72x2"=72 x 4

288

Exercise 3.1: Work in pairs.

1. Find the derivative of the functions below.

a) v= 2x
b) v = 3x°
c) f(x) = 4x*

d) f(x)=20x*
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e f(x) ==

a2

2. Find the value of f'(x) in each of the following functions.

a) f(x) = 20x
b) f(x) = 30x7
¢) f(x) = 4x
d) fzaxf

3. a) Find the value of £'(2) if f(x) = 3x*
b) Find the value of f'(—3)if vy = 3x7

a) Solve for f'(3)+ F'(2)if f(x) = 4x3

Differentiation of Polynomials

A polynomial is a function comprising powers (greater than or equal
to zero) of a variable. The degree (n) of a polynomial is the highest

power of the variable.

General formula of a polynomial function of xis p(x) such that,

plx) =a,x"+ a,_x" '+ a, .x""*+ a,_;x"*+ ..+ a,x? aywhere n

1s a non-negative integer and a,,a,_,,a,_-, ...,a, are constants.

Example

Find the derivative function of a polynomial

— n n—1 n—12 n—3
]‘.J[:I] = apx + Qg X + QX + @y —3% T o
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Solution

The derivative function of a polynomial p(x) is the sum of the

derivatives of each term of the function.
General derivative of p(x) = p'(x)

plal=ame'™ Y +a, jn—1x" +a, -n—20x"¥+ aqa,_sln—-3)x" 4.
+ay

Task

Find the derivative of the following functions

a) v=2x+3x+ 3x+3

b) flx) =x*+ sx*+ 20x? +3

Task

Use the function f(x) = 3x* + 4x* + 40x to find the value of;-

a) f'(x)
b) f£'(0)
c) f'(20)
Solution
a) flx)=3x*+ 4x*> + 40x
f'(x)=12x*+ 8x+ 40

b) f'(x)=12x*+ 8x+40
f'(0)=0+0+40

f(0)=40
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¢) f'(x)=12x*+ 8x+40
f(20)=12 x 20° + 8 x 20+ 40
f'(x) =96 200

Example 4

Determine the derivative of the following series
D 90 = 1+x 44 2 xt xS

b) h(x)—l—l—x—l— +—+ +

O h(x)=1+x+5S+ I?JFITJFI?

Solution

a) if glx)=1+x+x"+ x¥ +x*+ x5+~
g (x)=1+2x+ 3x*+ 4x3 +5x* + -~

b) h(x)=1+x+=+ S+ 4
B =0+1+5 G S
P 3.2 43

2 EI

X
R(x)=1+x+ 5+§+---

Note that when the term increases h(x) = h'(x)

0 h()=1+x+T+S++%
h(x)=1+x+x"+ x4+ x* ...

Exercise 3.2: Work in pairs.

1. Find the derivative of the following functions
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1.

11.

1il.

a) flx)=
b) flx) =

¢ flx)=

d) flx) =x*+3x3+2x

x? + 4x?

g, 1 1

x+=+ =
14 .1'5

et

X

Find the derivative of the following functions

a) flx)=(x"+x%) (x*+ 6x°)

b) flx) =

c) flx)=2x"%+42x%+ 5x°

d) flx) =

e) flx)=

) glx) =

g hix) =

%(14 + 3x3j

xi-18
x+2
4x® -1
2x 49
7 P 1
x't—+=
12 x%

ax® +3x 421

Fa

Find the value of;-

a) f'(1)

b) f'(2)in each of the following functions

flx) =

flx) =

flx) =

x-9

x+3

3 4
x +2x—4x
x

xt—5  x*-1s

_|_
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Derivative of composite functions

A composite function is a function that consists of more than one
function in it. If a function f(x) is a composite function of function g of

h and g and h are functions of x the function

flx) = g(h(x))

A composite function may have two or more functions for instance a

function e(x) may be made of a function f of g of h all which are

functions of x. Such a function is expressed as
e(x) = f(gch(x)) or

To evaluate e(x), x 1s substituted in h(x), the output is substituted
g(x), and that output is substituted in f(x).

For instance in the expression,

y =+ (x?)?

The function v = f(x) 1s a result of several functions such as

h(x) = x°

glx) = g[ h(;r])J which is the cube of h(x],

glx)= [h(x))a = (x*)® and
f(x) which is the square root of g(h(x)).
f(x) =4 g(x) = 4/ (x%)? hence there are three functions:

h(x)=x?
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g(x) = «°
f(x)=+x

The chain rule

. dy dy du dv .
The chain rule states that d—j = ﬁ = when we a composite of

three functions.

If the composite function has two functions, :—‘: = :—i :—i Where
y = flx) = v(ulx))

Example 1

Find the value of f'(x) if f(x) = (3x*+ 4)7

Solution
Lety = f(x) = o’

whereu = 3x° 4+ 4

r:i}r_?e du,_ﬁ
du e dx x
dy dy du

dx du dx

= 7u’. 6x

= 7(3x2 + 4)¢. 6x
=42x (3x2 + 4)¢

Example 2

Find the value of f'(x) if f(x) =vx7+1
(x) 1f £(x)
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Solution

Let y = f(x)=+uwhereu=x"+1

dy 1 -2 du
du 2

uz —= 7x°

dy dy du _ 1 -
—=—= . —=c-u X 7xb
dx du dx 2

_1. 4 -= 6 = L. 6(T7 ‘f: 7"
2 (.'X' + 1) =XTx :.'1' (.'J'.' + 1] Z Vx4l
Py = —
x =
2vVxT+1
Example 3

Find the value of f'(2) given that f(x)
flx) = (x*-2)°

Solution

y = (-2

Let, v = u8 whereu =x%- 2

— =38u’

“du " dx
= 81

u’.5x* =8(x°— 2)7 x 5(x%)

dy
E’ = 40x*(x*—2)7

F(2)= 40 x 2*(25—-2)" = 1.4 x 103
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Exercise 3.4: To be done in groups of four students

1) Find the derivative.
a) y=(x*+ 2)°
b) f(x) = ()"
¢) flx) = Vx*

d) flx)= Vx3+2x+1

e) flx)=[Jx*+3x+ 1)7F[

x3+4

b fe="(5)

-
B (20x” +920+1
".||| dx+1

g) flx)=
h) f(x) = (3x*+3)7
D) f)=(S+ 2t +x°+22)

2) A curve has a function ¥ = (x?® + 7x + 3)3 find the gradient of the

curve at points
1. (0, 27)
1. (-1, -125)

3) Find the value of
i £(0)
. f'(2)
For the following functions;

a) f(x)=(x*+1)*
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1
b) flx) = w||x3 +S+2forx<o

Tangent and Normal to the Tangent of a Curve

The tangent line

A tangent of a curve is a straight line that touches the curve at only
one point. For a function f(x), each of point (x) has its tangent. The
gradient function of the function f(x) is the gradient of the tangent at
the given value of x. A point where a tangent touches a curve is called
a point of tangency.

Figure 3.3 below shows the graph of a function f(x) = x° The
tangent to the curve at point (0, 0) is i1llustrated with an emboldened
line. The gradient of the tangent at any point is the same as that of
the function.

\ 251
. il /
'\_x. I_I'I
x\\ 15 f[x_} = _IJ I,-"'
N\ /
“\\\ 1[] L /"f
pointof tangency A
0.0y 5 // tangent line
\"‘-H ___/'/
1 L R""—-._ = L L
4 =2 > 4 *

—a L

Fig 3.3 Gradient of tangent = gradient function (derivative) of the
function

The curve is f(x) = x?
The gradient function f'(x) = 2x

Substituting for x at the point of tangency to f'(x) we obtain the
gradient of the tangent. f'(0) =0
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On substituting the gradient, point of tangency and general point
(x,v) we obtain the equation of tangent.

y—0
x—0
_=|:|
vy =10

Hence the equation of the tangent is y = 0 (the x-axis)

Example 1

Determine the equation of the tangent to the function
f(x) = x® + 3x + 4 at a point (0, 4)

Solution
flx)=x*+3x+4
Fl(x)=3x*+ 3
At (0, 4) f'(0)=3.0>+ 3
f'(0) = 3, the gradient at point of tangency is 3
The tangent passes through (x,v), (0, 4) and has gradient 3. The

equation is:

v —4

: 3
x—0
y—4

— =
y— 4=3x
yv= 3x + 4

The Normal Line
The normal line is a straight line that is perpendicular to the tangent
at the point of tangency.
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Example 1

Study figure 3.5 below and answer the questions that follow. In the
figureis the curve ofafunction y = f(x)=x 2,itstangent and the
normal at point (1, 1)

tangent
¥y = x2 4l at x =1
¥
I I .
1 2 3
4
4_

Fig 3.4

a. Whatis the relationship ~ between the gradient of the tangent
and the normal at the point of tangency ?
b. Determine the equation of the normal line at (1, 1).

Solution

From Secondary 2,t he product of the tangent and its normal is equal
to -1 since they are perpendicular lines. Using the tangency point and

a general point. It is possible to dete rmine the equation of the normal
line. The equation of the normal shown in the figure above is

determined as shown below.

v = f(x) = x* is equation of the line.
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% = f'(x) = 2x 1s the gradient function of the curve.

At point (1, 1)
Gradient of tangent M, = f'(1)=2 x1=2

Gradient of normal, M, is calculated using M,M,= —1 since they are
perpendicular.

2M, = -1, M, = — <

The normal has gradient M, = — % and pass through (1, 1) and (x, y).

Its equation is hence

(v—1) 1
(x—1) 2
2(v—1) = —1(x—1)
2y-2=—x+1
2y = —x + 3
1 +3
Y= T3 T

Task

Show that at point (1, 8) on the curve f(x) =x%+2x**+3x+2

The tangent has equation y = 10x — 2, and the normal has

equation
_ 1 8
Y= 770" T 10

Exercise 3.5: Work in groups of four students.

1. Given the equation of a curve is a function in such that
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y =f(x) =x3 - x + 10 find the equation of
1. The equation of the tangent at (1, 10)
1. The equation of the normal at (1, 10)

2. A function f(x) is described such that for f(x),f'(5) = 2 and
f(5) = —3 at x = 5. Determine
1.  The equation of the tangent at the given point.
1.  The equation of the normal at the given point.

3. Find the equation of the tangent of the following functions at the
stated point.
a) y=+12xat (3, 6)

b) f(x) =x?- 8x at (3, -15)
c) f(x)=2x2-3x—-2at (0, -2)
d) f(x)=(x?+2x+1)12at (0, 1)

4. Determine the equation of the normal to the following functions at
the stated point.
a) flx)==x%+2xat (0, 0)

b) flx) =
0 f(x)==x%at(3,27)

d) f(x) =x at (4, 2)

e) flx)=(x*+2)%at (0, 256)

&
-

16
atx= 0
x+3

5. Figure 3.5 below shows the movement made by a ball hit by a
football player. Study it and answer the questions that follow.
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Figure 3.5

a) Determine the equation of the curve.
b) Calculate f'(x) at x = 1.

c¢) Calculate the normal to the curve at x = 5.

Second Derivative

Definitions
The derivative of a function f(x) = f'(x) is called first derivative of
the function f(x). The notation for the first derivative of y = f(x) are

dy _ df(x) '
~. O or f'(x)

If the first derivative of a function f’, is a differentiable function at a
value x then its derivative is called the second derivative of the
function f(x). The second derivative is the rate of change of the
gradient function.
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The notation for second derivative

. . . dty d” Fi
The notation for second derivative are d—} or L2 op f"(x) or
o2

dx=
A (e
dx (d.r)
The first derivative, %, describes how a variable y changes with

respect to a variable x at all real values of x with a defined y.

The second derivative :—I (:—i) describes how the first derivative
changes with respect to x.

) dy _
Recall, if vy = ax™ then d—} = anx" !
- O

Second Derivative Power Rule

n n—1

. . . . . dy
The first derivative of a general function y = ax™ is d—:’ = anx
&g

The second derivative of the general function is :—f =an.(n—1)x""
X

Example 1

-

Given the function f(x) = 3x? find

a) f'
b) f”

Solution

1. flx)= 3x*
Filx)= 4 x 3x*1
Ffl(x)= 12x?

. Ff(x)= 12x°
F'(x)= 3 x 12x°

F'(x) = 36x°
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Exercise 3.6: Work in pairs.

1. Find the second derivative of the following functions
a) f(x) =4x12
b) flx) = x*+x*
c) flx)=x*— 3x>+2x+4
d) f(x)=4x*+ 8x*—6x>+ 2x+ 14

2. Find the value of f" for the following.
a) flx)=2x +x*

b) f'(x)=20x*+ éxlﬂ'
c) fl(x)= 24x§+ 12x°
d) v=2x*+ 3x*—16
3. Find the values of £ (3) in the function
Flx)=3x*— 2x*+4x+ 3

4. If % = 24x’ + 7x° find the value Of:—Jf (:—‘;) at the point where x =1.

5. A quantity s is a function of ¢ represented by the

equation s = t* + 2t. Determine an expression that explains how

the rate of change of s with respect to ¢ changes with respect to ¢.
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Application of differential functions

The stationary points of a function
Stationary points ofafunction y = f(x) are points at which there

is instantaneously no changein the slope of the curve. Atthese  points

the tangent to the curveishorizontaland the gradient of f(x) is zero.

At stationary point of a function f(x), the derivative f'(x)= 0.

Stationary points include maximum, minimum and point of inflexion .

Stationary points are also known as critical points of functions. Figure
3.7 below shows curve s with marked ma ximum, minimum and  point
of inflexion .

Point of
inflexion

/K \\, /
[ \

& maximum A minimum

it

Fig 3.6

Methods of identifying stationary points include
1. Using the first derivative

2. Using the second derivative.

Using the first derivative to identify stationary points

The Maximum Point of a Curve
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A maximum point of a function  f(x)at x = cisapoint at which

flle)=0

x X< C flc) xX>c

f' ff=0 ff=0 fl<o

fix) increasing stationary decreasing
Figure 3.8 below shows a sketch in change in gradient at values of

close to a maximum stationary point.

Fig 3.7 Maximum

At a maximum pointthe curve has f = 0.

The Minimum Point of a Curve

A minimum point of a function ~ f(x)at x = cisapoint at which

f'le)=0,

X

x x=<c flc) X>=c
f fl<o fl=0 ft<o
flx) decreasing stationary increasing
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Figure 3.9 below shows a sketch of change in gradient at values of x
close to a minimum stationary point.

=

Fig 3.8 Minimum
The Pointof  Inflexion  of a Curve
A point of inflexion of f(x) isapoint (¢, f(c))where f'(c)=0.

Unlike the minimum or maximum, the gradient will either continue
positive if the graph is increasing (e.g. y = x? at (0,0)) or negative if
the graph is decreasing (e.g. vy =1—x?at (0,1)).

The number of Stationary Points

If afunction f(x) is a polynomial where the great est power of x is n,
the function has at most  (n — 1) stationary points. Such a polynomial

is called a polynomial of degree n, A polynomial of de gree n has at
most n — 1 turning point s.

Task

You are given a function  y=f(x) =x 2 - 6x+ 1. Determine the

coordinate s of the stationary point.

a) Complete the table.
x x = X = x>
f' 0




f(x)
b) State the type of stationary point.

Task

In pairs, show that the function ¥ = f(x) = x® - 3x* +8 has turning
points at (0, 8) and ( 2, 4) and determine their type.

Example 3

Determine the stationary points of the function f(x) = x% + 5 and state
their type.

Solution
f(x) =x3+5
F16x) = 32

f'(x) = 0 at stationary point hence f' = 3x* = 0,x = 0 (repeated
roots)

f(0) = 0 + 5= 5, the stationary point is (0, 5)

x x= —1 x =0 xr=1 x =2
f'(x) fi(H=3 |0 ff=3 |f@=12
f(x) increasing | stationary | increasing | increasing

The stationary point (0, 5) 1s a point of inflexion.

Exercise 3.7a

In each of the following functions, determine the stationary point(s)
and their nature using the first derivative.
a) yv=x"+3x"—2
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b) v=2x%—4

¢) flx)=-2(x—3)*+8
d) flx)=—x%—x

e) f(x)=2x*+3x*+5

1) Using the Second Derivative to determine the nature of a

stationary point

Task

Sketch graphs of each type of stationary point (minimum, maximum
and point of inflexion). Make a note on graph whether the function is
increasing or decreasing (i.e. the gradient function positive or
negative) on either side of the stationary point.
a) What can be said about the rate of change of the gradient
function in each case?
b) Test out your answer on the functions in exercise 3.7a.

Exercise 3.7b

1. For each of the following functions
1. Determine the stationary point.
11. Determine the nature of the stationary point using the second
derivative.

a) f(x) =-x3
b)f(x) =-x3-x+4
c)f(x) =2x3+3x2+5
d)f(x) =-8(x—3)3+27
e)f(x)=2-3x-x3
ff(x)=12x3-6x2+9x + 1
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Displacement, Velocity and Acceleration

The study of displacement, velocity and acceleration and their
relationship is called kinematics.

Displacement is the distance covered in a given direction. Its symbol
is s.

Velocity (v) is rate of change of displacement with respect to time (t).

Velocity is the derivative of displacement.

s
=
dt
Acceleration (a) is the rate of change of velocity with respect to time.
The differential function of velocity is the acceleration. When the
acceleration is zero, the velocity is not changing so it must be a

constant.

In general s = f(t), called displacement.

v = f'(t) = ? called velocity.

'

d°s d fds du )
— = —(—) = —, called acceleration.
de= dt wdt di

a = f(t) =

Task

The distance moved by a plane from point A is expressed by the
function s = 3t* + 6t + 30in metres after time t in seconds. In
groups of three students find

a) The distance of the plane from point A before it started moving.
b) The distance moved by the plane in the first 10 seconds.
¢) Calculate the velocity of the plane at t = 5 seconds.

d) The acceleration of the plane at t = 2 seconds.
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Example 3.8: Work in pairs.

1.

A particle moves on a straight line according to the expression

s(t) = 2t* - 6t* + 3. At what time is the particle moving at a

constant velocity?

A stone is thrown up and the height travelled by the stone is

h(t) = -5t2 + 5¢ + 100 Calculate

a) The height at 3 seconds.

b) The velocity at 2 seconds.

c) The acceleration at 5 seconds.

d) At what time was the velocity maximum?

Find the acceleration at = 2 seconds for a displacement

function s(t) = 3t3+ t2 +t + 4.

At what time is acceleration of a particle moving according to

the function s(t) = 5¢3 — 24¢2 + 44 equal to 6 m/s2.

A plane moves according to the function s(t) = 3 — 16¢ + 4¢2.

Find the acceleration of the plane at ¢ =22 sec.

6.
a)
b)
c)
d)

If s(t) = 3t3+ 2¢2 + 4¢ + 10 = 0, find;
s(0)
s(2)
v(1)
a(2)

Optimization

If the relationship between two variables can be expressed as a

function it is possible to optimize one quantity in terms of the other.

We optimise to find the greatest (maximum) or least (minimum) value

of a function.

Example

A 500m mesh wire is to enclose three sides of a rectangular field

against a wall. Determine the dimensions that will enclose the largest

possible area.
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Solution

Perimeter = x + 2y
Area = xy

To maximize Area (A) against dimension find A" (dimension)

500 —x

From x + 2y =500, v =

. g
At maximum area == 0
a0

24 — 750 — x = 0 when x = 250

dax

But x + 2y = 500
2y =250
y=125
Maximum area, has length 250 m and width 125 m, 31 250 m2.

Exercise 3.9: Work in groups. Present your findings to the
class.

1. Determine the dimensions that will minimize the cost to build a
closed box with a volume of 0.9 m?. Given that the length of the
box is three times its width and the material used to make the
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side faces costs SSP 60 per m” and that of base and top is
SSP 100 per m>.

2. Determine the dimensions of a cylinder that is made using the
minimum of metal plate to give a volume of 1500cm3 (1.5dm3).

3. A farmer wished to fence a rectangular field next to a concrete
boundary wall. He decided to fence on the three sides away from
the wall at a cost of SSP 20 per metre. If he is to fence 18 hectares
of land.

Calculate:
a) The dimensions of the field that require the minimum of
fencing.
b) The minimum cost of fencing.
4. Jane wishes to make an open cuboid with a surface area of
1080cm? and a square base.
a) Calculate the maximum volume of the box made.
b) Calculate the cost of half filling the box with milk that
cost S5P 50 per litre.

5. Find the maximum volume of an open cylinder made from a

metallic plate 10m2.

6. A rectangle is drawn as shown in the diagram. One side 1s formed
by the line y = 3 and one corner, P, lies on the graph of f(x) =x2.
Find the coordinates of the point P in order for the rectangle to
have the maximum possible area.

g S
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UNIT 4: CALCULUS 2 INTEGRATION) J

Introduction

As discussed in calculus 1, when a function f(x) is known and is

differentiable, its derivative is expressed as %ix} or :—j orf'(x).

When the differential function is known, the process of determining
the function ¥ = f(x) is called integration. Integration is the inverse
of differentiation.

For instance the differential function of v = x? is ::_: = 3x°

Differentiation

3 >

3x?

A

Integration

To differentiate x"multiply by the power of x and decrease the

power of x by 1. The inverse, which is integration involves increasing
the power of x by 1 and dividing by the new power of x.

When differentiating y= ax®, :—j = anx™ 1,

a1

When integrating ax™ we get [ ax"dx = (n+1)

Task

Copy and complete table 4.1 below on derivatives of functions

Table 4.1

Function of x Derivative f'(x)
f(x) = x°
f(x) = x5+3

ij



fx) =7+ 5
f(x) = x3+8
flx)=9

a. What do you notice about the f(x) and f(x)?

A constant has zero gradient, consequently when integrating there
are many possible functions, so a constant ¢ (called a constant of
integration) is added to the expression obtained.

(41

[m+1)
[
+c
ntl

y= [ax"dx=

The value of constant ¢ can be determined when more details are
given. Integral that require a constant of integration are known as
indefinite integrals. The function obtained from integration,
without c) is called the integrand.

Exercise 4.1: Working in pairs.

1. Evaluate

a. [ 2x dx d. [x®dx g. [ xdx
b. [ 3x *dx e. féx *dx
c. [ 7x *dx f. fxid;r

2. Find the indefinite integral with respect to x of the following

expressions
D 2x2 d. x*
b) 3 e.xg
c) x* f. 4x®
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Example 1

Evaluate [ 6x + 3x*dx

Solution

fﬁxdx—I—J.Ex“dx

= ﬁjxdx—l-EJ-x‘}dx

Note: only one constant of integration is necessary.

Exercise 4.2: Working in pairs.

1. Find the integral of the following expressions against x.

a. '-.,."'E . j_:}
b. (x2+ 7)2
% 45x+6
(5x2)3 {x+3)
d 3x -9 )
2. Find the value of
a. [x*+ 11x—25dx e. [40t® —12t% + 9t+ 14 dt
b. J[t*—t*+ P+t —1dt f. [40t® —12t% + 9tdt+ 13
c. [6x®—20x*+ x*+9dx g. Jr-‘{:+4+-‘{=-4 dx
d. [x®—4*+ xdx ¥reoowm

3. Determine f(x) given that f'(x) = x7 + 6x2

4. A curve has gradient function :—i = 3x + 4 and passes through a

point (2, 16). Determine the equation of the curve.
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Integration by substitution

Substitution is used to simplify the integration of composite
functions. Recall: composite functions are differentiated by use of
chain rule. The chain rule states

dy dy _ du

—_ = = X—

dx du dx

Reversing this process we get the composite function such that,
Jf(xjdx = J-h(x) x h'(x) dx

This method is used to find an integral of a composite function that is
a result of the chain rule in which the integrand function can be
written in term of two functions, where one function is the derivative
of the other.

Integrating powers of algebraic functions

Example 1

Evaluate [(x +2)? dx

Solution

By substitution let u = x+ 2

=1, du = dx

dx

Substituting u and du in the expression,
1
3 di = — 4
j u” du 2 u +c
Substituting back u = x + 2

j(x—kz)adx =%(x+2)4+c
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Integrating products of algebraic functions

Example 2

Find the value of the following indefinite integral.
[x3Vxt+1dx
Solution

Let u=xt+1

— = 4x3
dx
du
dx = 22
4x

Substituting u and dx
3,odu _1p >
[ x3u= e 4fu du
-

1.2 =
=—-X-u:+rc
2" 3

£
uz + ¢

o=

Substituting u back.
Jx3xt+1 dx=§(x4 + 1)=+4¢

Note: Whilst ¢ is used in both the integrals (with respect to u and
with respect to x), it is unlikely they will be equal.

Integration of functions with fractions

Example 3

Evaluate [ ,,-;‘::—« dx
Solution

Let u=x2+2
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du

= 2x
dx

du

dﬁt’ =

2x

Substituting for dx and u in the intgral

4, d —1/7
=% .= =2[u Y2 du
u-'s Zx
= ':'__” +c
= 4uz+c

Substituting dx and wu.

[ dr=4(x*+2): + c=4'x+2+¢

VT 42

Exercise 4.3: Work in groups.

1. Find the value of the indefinite integrals

a) [(x+1)*dx d) [(5t%)*dt
b) [V7t+9dt e) [(5x+ 11)%dx
¢) J(x*+ 7)*dx f) [(3—x)"dx

2. Find the value of indefinite integral of;

a) [12(3x+1)%dx ¢) [J(2x+ 3)(x*+ 3x)%dx
d) [2xvV2x? 4+1dx
b) [(x*+5x)7(2x+ 5) dx e) f—;ﬁ dx

3. Find the value of indefinite integral of:
a) [ 3““1}5 dx d [——dx

(x%+ (x*+ 1)
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Bx
b) f.:i—x=;.4 dx e. [- — dx
(x%+ 1)=
c) [ ':3; % dx
4. A function f(x) has the gradient function :—} = Lﬂg What is the
X (14947

value of f(x)?

Application of integration

In calculus 1, application of differentiation in kinematics was
discussed. Since integration is the inverse of differentiation, the same
applications apply.

Example

The velocity v m/s of a particle that travels on a straight line at time ¢
from a fixed point Q is v = 3t2— 18t - 32 where ¢t > 0, find

a. Value of ¢t when a = 0 m/s?2
b. The distance of the particle from Q at minimum velocity.

Solution

a. v=3t2— 18t + 32
dv_ =6t— 18
a0

ata =0, 6t-18=0,and t=3s
b. v=3t2— 18t + 32
s=[vdt= [(3t7- 18tF 32)dt
s=t*—9t>+ 32t+c¢ ,att=0, s=0hencec=0
s=t}—9t?+ 32t

.. . dv
At minimum velocity, a = ﬁ =0 hencet = 3s

s(3)=3"—-9x3°+ 32x3=42m
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Task 1

In groups, find out what the derivatives represent given that
s =displacement, v =velocity and a =acceleration.

d=

a.
dt

b, &
dt

dts

C. —
de=
Task 2

In groups, find out what the integrals represent given that
s =displacement, v =velocity and a =acceleration.

a. [adt
b. [vdt

Exercise 4.4

To be done in groups

1. A car moves in a straight line at a speed of 20 m/s. At point A
the driver noticed an accident at point B and applied a

deceleration of a = = — 6,

After four seconds the car passed point B.It then accelerated at
a =2 m/s? to attain the original speed of 20m/s by point C.
Find

a. The speed of car at B.

b. The distance AB

c. The time taken for the car to travel from B to C.

2. A motorist left point A and travels at a velocity v = 6t - %t: to
rest at point B. If ¢ is time in minutes from leaving point A, find,
a. The time taken to move from A to B

b. The distance AB.
c. The acceleration at ¢ = 8 min.
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UNIT 5: MATRICES

Introduction

A matrix is a rectangular arrangement of numbers. As learnt earlier
matrices can be formed from simultaneous equations of word
problems. Consider the following relationship

The cost of a pen and a book is SSP 3
The cost of 3 pens and 1 book is SSP 5

Using the cost of a pen as p and the cost of a book as b we can form
simultaneous equations

p +b=3
3p+b=>5.

From this equation we can form three types of matrixes namely:

&mﬁdmﬁnmwmﬁmmcmﬂREMmmmmdpamﬂxwhmhﬁ(; 1)

The variable matrix from the variable p and b which is p and b which
. (P

is (;,)-

The constant matrix from the solutions of equations, which is (g)

As learnt previously you should be able to recall the order of a matrix,

types of matrices, inverse matrices, determinants and solutions of
problems using 2 x 2 matrices. In this unit we will mainly discuss

3 ¥ 3 matrices.
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Using scientific calculator to operate on matrices

The Scientific calculator and technology provides quick and accurate
method for solving matrix problems. Investigate how to use your
calculator’s matrix functions.

Exercise 5.1: Work in pairs.

1. Write the order of the following matrices

@ (3 1)
) (3)

©G 13

8 9
(d) (4 2)
3 4

2. Simplify the matrix products below using a calculator or
otherwise.

@ (730 )
®» (o )G 3
© (G )6

@& (5 oG )

3. Given 4 = G g) and B = G g) find the value of:
a) 24 ¢) 24+3B
b) A* d) 2A+B*
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4. Find the determinant of the following matrices

2 (5 1) o 1)

b (5 3) 5@ 1)
5. Find the inverse of the following matrices

2 (5 3) o (53

b (5 3) 9 (1 o)

9 (3 1) (G 3)

6. a) What is a singular matrix?

b) Solve for x if the following matrices are singular matrices.
2x 1
(5 o)
.. x 4
i (5 ..)
x 3
111, (_ 2 xt 1).

7. A triangle with vertices A (2, 7) , B(2, 3) and C(5,3) was
transformed to A4, B,C,using a transformation matrix of

2 4
(53
Find the area of A4,B,C;.

8. Use matrices to solve the following pairs of simultaneous
equations.

a)p+b=3
3p +b=5
b) 2a + 3b = 13
a+ 2b =28
c) 2x + y = 31
x + 3y = 43
d) 4x + y = —12

2x+ 7y = 24

101



Determinant of a 3 X 3 matrix

There are many ways to obtain the determinant of a 3 X 3 matrix.
Two are included here:

1. Using a scientific calculator
2. Using cofactors and minors

Using a scientific calculator
Task

Use a calculator to show the determinant of the matrix.

2 1 2
A=(—4 0 1),detﬂ=—1

3 0 -1

Exercise 5.2: In pairs.

Determine the determinant of the following matrices using a scientific
calculator.

-1 -2 -2
1. -2 1 1
3 4 5

3 4 5
-1 -2 =2

2 1 1
-1
)
5
)

H
I
=

w o
|
=)
sl

w
i e e
B =
e
|
[

[
=)
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Cofactor expansion
Cofactor expansion is a method used to find the determinant of a
matrix by use of the matrix of cofactors and the matrix itself.

This method can only be discussed after discussing:

a) A minor and the minor matrix
b) A cofactor and the cofactor matrix

A minor and the matrix of minors
As discussed earlier, the position of any given element of a matrix can
be described using subscripts e. g.- an element a in row i and column j

of a matrix is written as a;;

2 3 4
1. Using the matrix: AZ(E 2 l)

4 3 2
ailn =2, a2 =3, aiz=4
as1 =3, ase = 2, ass=1
as1 —4, as2 = 3, azz= 2

The symbol for a minor is M. A minor is an element M,; obtained by

determining the determinant of a matrix left on deleting the i—row
and j-column of the matrix.
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Example 1

Determine the minors for matrix A

Solution.

The minors for this matrix are:

M2

Mis

\Y B3

\Y B

Mas

M3

Mss

(] (@)
© i © 1Q -
. ™ — 1 I 1 I I @
I I I o~ © ~ @ ~ I
() <t o0 — — — — D
| _ | | _ | _ _ _
< Ne) o) Ne) < © [33] [&] <t
I I I I I I I I I
= ] = ] &1 M =+ ™~ =H ™ [As Bl a =H ] =+ =i [ T |
] M mm o=f 0 = MM ~] =H ~] =H L I | ™1 M ™1 M
I I I I I I I I I
— ] — ] = ] =H HA =] = - = -
™~ M ~] M [y] [nn] [l 3£ [ny] [nn] [ I | [ |
M =H M =H ] _H\_ < ] < ~] M ~] M
I I I I

Mss
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The number of minors of a matrix is the same as the number of
elements of the matrix. The matrix formed by the minors is called the
minor matrix. Its symbol is M. The matrix of minors for matrix A is

1 2 1
M=|-6 -12 -6
-5 —10 -5

A cofactor and the matrix of cofactors (C)
A cofactor of a matrix is an element Cijthat is derived from the
expression

Cij= (—1)+7 M,

A cofactor 1s a signed minor. The sign of the cofactor is (-1) to a power
of 1 + j) where 1 is the row and j is the column of the matrix.

Since the power (-1) alternates between -1 and + 1 with even and odd
powers respectively since the sum of i and j alternate even and odd
the sign for the cofactor matrix is

+ - +
(— + —) This is multiplied by the matrix of minors (M) to
+ - 4+

give the matrix of cofactors (C).

Example 2

2 3 4
State the matrix of cofactors for the matrix, A = (3 2 1)

4 3 2
Solution
+1 -2 41
C=l46 -1z 46
-5 410 -5
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The product and sum of the elements in a particular row or column of
the original matrix and the matrix of cofactors, gives the determinant
of the matrix.

Note: it does not matter the row or column you choose for instance a1:
for matrix and ci11 multiplied together implies use of the 1st row of the
matrix multiplied with the 1st row of the cofactors that are multiplied
to give the determinant.

det(A) = a11c11 +aiz2ciz + aizcis

2 3 4 1 -2 1
GivenA=|3 2 1|, C=|l6 -12 &6 ,
4 3 1 -5 10 -5

dettA) =2 x 1+ -2 x3+4x1=0 1st row
or
dettA) =3 x 6 —-12x 24+ 6x1=0 2nd row

or any other row or column

Since C is derived from the signed minor matrix (M) and for the first
row the signs are (+,—,+) and the minors are the determinants of 2 X

2 matrices it 1s possible to define the determinant of a 3 X 3matrix as

1 %2 s b, b b, b b, b,
det(A) = |A| = bl b: ba =ay C- CE - fy |:'l C‘E + g Cl C-
C. C, € 2 3 1 3 1 2
1 2 3
Task

In groups of four show that the determinant of matrix A =

0 1 5
(3 —6 9) s 165.
2 6 1
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Exercise 5.3: Work in pairs.

Find the determinant of the following matrices using cofactor
expansion

8 —-1 9

NE.
11 0 17 5.
2 3 49

2 (52 1)
4 1 6.
2 1 3

. (10 2
2 0 -2 7.

1 3 2
4, (4 3) 8.
2 2 0

Note
The method of cofactor expansion can be used to find the determinant
of other square matrices such as 4 X 4, 5 X 5, ...n x norder matrices

o
w o
o
e

=
s3]
]

s8]
]
I
b
s

Lad
B
I
NN
L

)

o=
[ R N
|-
L

[
"-..._______,..-’

L
|
b
o

=

o T e P
(-
[ae]
B

b =

e
(I

b =

e S

[
I
=
=

A scientific calculator can also be used to calculate the determinant of
matrices.

Inverse of a 3 X 3 and other matrices

The inverse of matrix A is written as Al

It has the property

AA1=A1A=1

Where I is the identity matrix, a square matrix whose elements are

zero except for those on the leading diagonal that are all 1.
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The 3 X 3 identity matrix is

1 0 0
I= (l] 1 l:l)
o 0 1
Matrices cannot be divided, so multiplication by the inverse allows us
tofinde.g. Bin AB=C
Multiplying both sides by A-1
ATAB=A1C
Since A1A=1 we get
IB=A1C
Since I is identity: I B= B and hence B=A-1C

Inverse of a 2 X 2 matrix

As learnt earlier the inverse of a 2 x 2 matrix is obtained by pre-
multiplying a matrix by the reciprocal of its determinant and
interchanging elements in leading diagonals and changing the sign of
the elements in the secondary diagonal.

For instance;

A= (“ 2]

at=Z(1 7

Where det(A) = ad — be

If the determinant is zero,ﬁ will be undefined and the matrix will
not have an inverse. A matrix without an inverse is called a Singular

Matrix.
Task 1

Show that the inverse of matrix A = (: 2} is Al= d:tA (_dc _ﬂb)
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Inverse of a

Inverse of a 3 x 3 and bigger matrices is determined via more tedious
methods. There are two main methods of determining these inverse
matrices. They include:-

1. Gauss Jordan Elimination/row reduction
2. Using a scientific calculator.

Using Gauss Jordan Elimination / Row Reduction
In this method, to find the inverse of A, A-l a larger matrix of A and
the identity matrix I is formed. (A | I)

Using available elements of A one manipulates rows across the two
matrixes in order to reduce A to I, at the same time I is converted to
A-l. The example below illustrates the reduction process.

Example

1 2 3
Find the inverse of A=|2 5 3
1 0 8

Solution

Write (A | I) and convert A to I and I to A-1 by operations on the rows.

1 2 3|11 0 0
2 5 3|0 1 0

1 0 8l0 1 1

Subtracting row 1 from row 3

1 2 311 0 0
2 5 3]0 1 0

0 -2 51-1 0 1

Subtracting 2Xrow 1 from row 2
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1 2 3
o 1 -3

0o -2 5

1 0 0
-2 1 0
-1 0 1

Adding 2xrow 2 to row 3, and multiplying row 3 by -1

1 2 311 o0 0
o 1 —-3|1—-2 1 0

o 0 115 -2 -1

Adding 3xrow 3 to row 2

1 2 0/—-14 6 3
0 1 013 -5 -3

o 0 115 -2 -1

Subtracting 2Xrow?2 from row 1
1 0 0]—40 16 9
(l] 1 0] 13 —15 —3)
0 0 11 5 -2 -1
We have reduced (A| I) to (I | A1) the inverse. Therefore
—40 16 9
Al :( 13 =5 —3)

5 -2 -1

Using a calculator to determine inverse of a matrix
Task

In pairs, use a calculator to check the previous result.

Exercise 5.4: Work in pairs

Calculate the inverse of the matrix below using Gauss Jordan

Elimination
1 2 1
2. 12 -1 2
1 1 -2

2 1 1
1.1 1 1
1 -1 2
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&6 2 3
313 1 1
10 3 4
3 0 2
4. |2 0 -2
0 1 1
Use a calculator to determine the inverse of the following matrices
2 5 7 -1 4
6. 11 1 1 8. | —6 4
2 1 -1 2 G
1 2 1
7. 12 -1 2 -3 4 1
1 1 2 9. (—2 —4)
-5 4 5

Solving simultaneous linear equations using the inverse of a

(=T WV

o

matrix

The knowledge of inverse matrices enable us to solve problems
involving matrix multiplication. Using the inverse of a 3 X 3 matrix
enables us to solve systems of linear equations with three unknowns
by forming a matrix equation.

A matrix equation is an equation comprising a coefficient matrix,
variable matrix and constant matrix.

The coefficient matrix is a 3 X 3 matrix formed from the coefficients
of variables arranged in the same order, A

The variable matrix is a 3 X 1 (column) matrix that contains the
variables, B

The constant matrix is a 3 X 1 column matrix that contain the
constants, C

AB=C
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IfAB=Cthen 4 *4.B=A"1C

If we multiply both sides of the equation by the inverse of A then the
RHS simplifies to B = A71C

From B = A™1C it is possible to obtain the solution to the simultaneous
equations.

Task

Solve the simultaneous equation.
x+ 2y—z =7
2x - 3y-4z = -3

x+y+z=20

Using calculator to solve the simultaneous equations

It is possible to obtain the solutions of simultaneous equations from the
calculator directly.

Task

Attempt in groups.

A quadratic equation of a curve has a general form of y = ax® + bx + ¢ and

passes through points (-2, 4), (2, 2) and (4, 4). Determine the equation of the
curve.

Hint: substitute for x and y for each of the points to derive three
simultaneous equations for a, b and c.

Exercise 5.5: Solve in groups. Present your findings to the
class.

1. Use matrices to solve the simultaneous equations below.
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6zx + y +3z = 31

Il
Ln

a) 2x + 3y + v
x+y+z=3

x+ 2y4+ 2z2=6 d) x +2z + 3y = 12
4x + 3z + 2y = 28
b) x + 3y + z =15 6x + 2x + v = 50
2x +y+z=10
4x + 7y + 3z = 40 e) z+ 2x + y =5
x + 3x + 4z = 12
c) x+z=26 2x + 2z + 7y = 6

3x + 4y + z = 18

2. In South Sudan the cost of a pen, a book and a ruler is SSP 45.
The cost of 2 books, 4 rulers and a pen is SSP 110 and 7 books,
6 rulers and 2 pens is SSP 250. Find the cost of each item.

3. The figures below shows three triangular piece of land with
marked dimensions.

3y ;
x e
4z Y Ty

If theirzperimeters are 1400m, 3600m and 4550m respect?gely.
Determine the values of x, y and z.
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UNIT 6: COMPLEX NUMBERS

Introduction

The squares of positive numbers and negative numbers give a positive
number, for instance

(=3)*=09.

(+3)*=9.

(4)* =16.

(4)* = 16.

It 1s possible to write that
(£3)* =09.

(+4)* = 16.

Since the square root of a number is obtained by inversing the square
we notice that

V9 =43 =3o0or-3.
V16 = +4 = 4 or—4.

In this scenario we do not encounter a negative square since the
square of any real number is always a positive number. Similarly,
there is no square root of a negative number. However, some problems
may give the square root of a negative number.

For instance in solving a quadratic equation x> + 3x + 4 = 0 by

i 332 )
completing the square (x + E) t4—7=0

(+3)2+?—n
T3 4
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3 | 7 v—=7
x—l——:i ——:i
2 | 4 2
N
3 =7
x = __i_
2 2

You notice that in our previous units we say x has no real roots since
1t has not been possible to find square root of negative numbers such
as—17.

It is important to note that: v—9 = 3, v—1 = 1. In this unit, we will
discuss how to determine such roots.

To simplify such expressions we introduce the small letter i such that

V—1=1i.

Squaring both sides we get i* = —1.

Real numbers, imaginary and complex numbers.

Complex numbers are numbers that consist of two parts — a real
number and an imaginary number. Complex numbers are the
building blocks of more intricate mathematics, such as algebra. They
can be applied to many aspects of real life, especially in electronics
and electromagnetism.

The standard format for complex numbers is a + ib, with the real
number first and the imaginary number last. Because either part
could be 0, technically any real number or imaginary number can be
considered a complex number. Complex does not mean complicated, it
means that the two types of numbers combine to form a complex, like
a housing complex — a group of buildings joined together. It is hence
a set that contains subsets of real numbers and imaginary numbers.
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Real numbers are tangible values that can be plotted on a horizontal
number line. Imaginary numbers are abstract concepts that are used
when you need the square root of a negative number.

The symbol for complex number is small letter ‘z’ hence.
z=a+ib.
Where: z is complex number

a and b are real numbers

i is the imaginary number v —1.

Graphical Representation of complex numbers

Graphs of complex numbers are called Argand Diagrams. These
graphs are representations of the complex plane. A complex plane is
similar to the Cartesian plane. It has a horizontal axis that represent
the real part of the complex number a vertical axis that represents the
imaginary part of the complex number.

When graphing the complex number z = x + iy we locate z at a point

(x, ¥).

Figure 6.1 below shows the Argand diagram with a general complex
numbers z = x + yi.

Im

Z=X+1y

Re

Figure 6.1
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Example 1

Draw the graph of the complex numbers z = & + 4i
Solution
Plot (6, 4).

Figure 6.2 below shows z = 6 + 4i

-

g

i
ot

Fositive Imaginany Axis
L TR S & = B R w
Y
&)

[

o
+
o

Positive Real Axis
Figure 6.2
Task

Draw a Cartesian plane and show the position of the following
complex numbers.

i) z, =4+ 30
i) Z, = 0 + 4i
iii) z3 = —2 + 3i
iv) z, = —4

V) z. =3 —2i
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Exercise 6.1

Work in groups.

1. Figure 6.3 below shows position of complex numbers
z,,Z, z3,z,and z. starting from positive real axis anticlockwise.

Study it and answer the questions that follow.

Yi

3+di

23i

Argand Diagram

Figure 6. 3

Determine the complex numbers z; — z.

2. Study figure 6.4 below and write the values of the complex

numbers z,,z, z;, z,and z,

g nayy
% F4
1
L
-
0 -
L 4
3 2 2 4 8 8 10 12 14
real
>
Z3
o 4 =
S
5 &
.l
49
-8
Figure 6.4
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Simplifying imaginary numbers

Imaginary numbers are simplified by introducing i.

Example 1

Simplify +—16
Solution

Introduce v—1 =i

V—16 =16 % —1.

Example 2

T
Simplify Je

Solution

=25 V=25 /25 x (1)

w| 81 V81 V81
B \."E . \."'—_l
\."'E
B +5i
9

Exercise 6.2: Work in pairs.

Simplify the following numbers by writing them in terms of imaginary
numbers.

1. ‘v'l'a 2. v—4
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[-s 8. J(—4) x (—16)

N 9. V=169
4. w{? 10.4/=2

N 11.~,=i

V=11 12.\,“'—_100
7 VI 13.4/-81

Addition and subtraction of complex numbers.

A complex numbers has a real and an imaginary part.

z = a + bi.

\

Real Imaginary

To add or simplify two or more complex numbers we simplify the
different parts differently for instance

z; = a, + byl
Zy = @y t+ byl
zy+z, =a, +a,+ byi+ by
z,+z,=a, +a,+ (b, +by)i

z,—z,=a; —a,+ (b, —by)i

-

Complex Real part | Imaginary
number part

Task

Given the complex numbers, z, = 2+ 3i and z, = 3 +1i. In pairs

1. Find the value of ,
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a) 2z,

b) 3z,
c) z3= z, +z,
d) 5z, +7z,

1.  Draw an Argand diagram of z,, z,, and z,
1i.  What do you notice about the addition of complex numbers?

The sum or difference of complex numbers can be illustrated in the
same way as addition or subtraction of vectors.

Exercise 6.3: Work in pairs.

1. Add or subtract the following complex numbers
a) 3+2i+4
b) 4i4+3i+7
¢) 4—2i+3i
d) 4—9—i—7i
2. Simplify the following
a) 3(2+1)
b) —3(—2+ 2i)
©) ~(—3+ 4i)
d) 3(2+4i) —4(3+ 2i)
e) $(2—50)—-(12+ 2i)
3. Given that z, = 3i + 4

z, =6i+ %
find the value of.
a) 3z,
b) 3z,—- Z,
c) 3z, — 2z,
d) z; —12z,
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1 1
6) Iy +;Z:

Multiplying complex numbers

A complex number has two terms. It therefore looks like a binomial
expression. When two complex numbers are multiplied the solution is
similar to that of an expansion.

Task

Copy and complete the table below

1 0 1 2 3 4 5 6 7 8
I' n I' o I' 1 I' 2 I' 3
simplified | 1 -1

Plot the points on an Argand diagram. What do you notice?
Task

In pairs, expand the following expressions.
1. (a+bi)(a+ bi)
2. (a+ bi)(a— bi)
3. (a—bi)(a+ bi)
What do you notice?

Example

Simplify the following complex numbers

a) (3+2i)(4+2i)
b) (3+ 2i)°
Solution
a) (3+2i)(4+20)
=12 + 6i + 8i + 4(i)°

=8+ 14
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b) (3+2i)*=(3+2)(3+ 2i) But (i) = —1
=3(3 4+ 2i) + 2i(3 + 2i)
=9+ 60+ 6i+4(i)°
=9 +12i + 4(—1)
=5+12i

Task

You are given that z,_ (3 + 2i) and z,_ 4 + 2i , In pairs ,

a. Find the valueofz; = z; = i (3+2i)andz, =z; = i(4+ 2i)
b. Illustrate z, z,,z; and z; on an Argand diagram.
c. What transformation is represented by multiplication by 1?

Exercise 6.4: Solve in groups.

1. Simplify the following complex numbers by expansion.
a) (3+1i)(3+2i)
b) (3— 2i)(4—2i)
¢ (2i+2)(3i—1)
d) (8—31)(2—75i)
2. Find the value of the following expression.
a) +/(4+3i)(4—3i0)
b) /(25— 5i)(25+ 5i)

[
9 JG-31)Gi+d)
3. If z=2+ 3ifind
a) z°
b) z3

c) z*
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Conjugate of complex numbers and complex conjugation

Task

At the start of the chapter we found the solutions to the equation

+ 27

-

x?4+3x+4=0arex = —

(SR

Write these solutions as complex numbers and plot them on an
Argand diagram. What do you notice?

Add them together. What do you notice?
Multiply them together. What do you notice?

The solutions of quadratic equations with real coefficients always
come in pairs a + ib and a — ib. They are known as conjugate pairs,

and their sum and product are both real.

The term conjugate was introduced in previous unit when discussing
conjugate of surds. If a surd is multiplied by its conjugate the surd is
eliminated from a problem.

For instance
(V3 + v2) has a conjugate (V3 —2)
And (V34+V2)(V3-V2)=9-V6+V6—2=9-2=7

Similarly, the conjugate of a complex number is a complex number
such that the product of the complex number and its conjugate gives a
real number.

The symbol for conjugate of a complex number z is z*

The modulus of a complex number

In complex numbers, the modulus is the length of a line segment from
the origin to the point on the Argand diagram.
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The symbol for modulus of a complex number is |z| where |z| =z .z*

Task 1

Given the complex numbers z, = 5+ 2i, z, = 3 + 4.
In pairs, find the value of

1. z,+z,

n.  zj
.  z3
v. z,z]
v. zyl

Exercise 6.5: Work in pairs.

1. Given that z = 3 + 2i find the value of z 4 =z*
2. Determine the modulus of
a) 3—2i
b) 3i—1
c) 4+ 3i
d 2+
3. Ifzy=243iand z; =3 + 2i
Find the value of
a) zj
b) =z,
c) z,z,
d) |z, + 2z,
e) |3z, + 2z,

Dividing complex numbers

If a number has a complex denominator it should be simplified to
have a non-complex number or non-imaginary number in the
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denominator. This can be done by multiplying both the numerator
and denominator of such a fraction by the conjugate of the
denominator.

In general.

Ifza=j—"

2

z; can be simplified as shown below.

E . EyEn E 2,
Zg:—- == "=
E, E5  EgEg S
Example 1
Simplify
1
a) —
=L
243
b) —
&4—3i
Solution
1 1 - 2i Zi —2i 1,
Q) —=— X = - = = ——1.
) 2 2 -2 —4(i)® 4 z
) (2+38) _ (2+3i)(4+3i) _ B+ei+12i+9(i)°
(4—3i) (4—3i)(4+3i) 164+12i—12i—9(i)*"
B+18i—9 _ —1+18i 1 .
= = =—(—1+ 18i).
1649 25 25

Exercise 6.6: Solve in groups.

1. Simplify the following complex number fractions.
3+2i
a)

3+i
b)

1+3i
24
3+4
c) —

&E

d) 2:-:'

2. Simplify
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1246i | 2+4i
a) — +—
1+2i i
342 | 4+5i
b) 143 | 13
244 33
c) —/—— -
I+4i | 245
3. Giventhatz, =2+ 4i,z, =3+ 2iandz; =7+ 5i
Find.
a) zj
b) |z, + =zl

c) z,+ 3z, + 4z,
d) (z;+z3)

e) =

e

Solving Quadratic Equations with Complex Numbers

A quadratic equation is of the form ax®+ bx+c¢ = 0. The general

: : .. -V —dac
formula for solving a quadratic equation is x = —————

2a

The value vb?— 4ac is called the discriminant and it typifies the

solutions for the equation. If

1. b* —4ac =0 The equation has repeated (i.e. two equal)
roots.

2. b* —4ac =0 The equation has two distinct real roots.

3. b* —4ac <0 The equation has two complex roots.

Extending the number system to complex numbers means all

quadratic equations have two roots.
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Example 1

In pairs, solve the quadratic equations below.

a) x> —4=0
b) x2+9=0

Solution

a) x°—4=0

Example 2

Find the solutions of 10x%+6x+1 =10

Solution
—b ++Vb? — 4ac
x =
2a
—6 ++/36 — 40
x =
20
—6+ ,,u."__q_
xr= ——
20
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—6 1+ 2i

20
—6 2
¥ = _i_
20 20
-3  2i
x= —
10 10
— "3, — -3_
T +1I} or T T
Example 3

Two numbers are such that, their sum is four and their product is 10.
If one of the numbers is x.

1. Write an expression for the other number
it.  Determine the numbers

Solution.
4 — x 1s the other number
x(4—x)= 10
4y —x2=10

¥ —4x+10=0

Using the quadratic formula
4+ .,/(—4)2—4 x1x (10)

=

2x1
4+ 16 —40) W —24 v—b x4
=Y @ 24 =2+ —
2x1 2 2
2\-"—_5 — —
=2+ 3 =2+ v—6=21+bIi

Exercise 6.7

1. Solve the following quadratic equations and state the types of
roots.
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a) 3x°+4x+5=0
b) 14x*+9x+10=0

2. A farmer intends to make a flower garden as shown in figure below
of the area 75m*. The ratio of the sides are 3:1, what dimensions

will his garden be?
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UNIT 7: THE CIRCLE J

Introduction

A circle 1s the locus of all points equidistant from a fixed point called
the centre. The common distance between these points from the
centre is called the radius of the circle. When a circle is drawn on a
Cartesian plane many of its properties and points can be described.
For such a circle it is possible to determine, the coordinates of the
centre of the circle, coordinates of points at its circumference, the
equation of the circle and the equation of the tangent to the circle at
any point on the circumference.

The equation of a circle

There are two main scenarios in describing the equation of a circle.
They include when the centre of the circle is the origin (0, 0) and when
the centre 1s not the origin (i.e. a general point (h, k) where h and k
are real numbers not equal to zero).

The equation of a circle, centre the origin
Example 1

Figure 7.1 shows a circle centre the origin (0, 0) passing through a
general point P(x,y). AOMP is a right angled triangle with sides OM =
x and PM = y and OP = radius..

By Pythagoras' y

theorem for
triangle OPM, |

x2 +y2 =2

[




By Pythagoras’ theorem x? 4 y? = #*

This 1s the general equation of a circle, centre the origin (0, 0)

Example 2

Find the equation of a circle centre (0, 0) with radius 17 units
Solution

x4 yi =1t

Given r = 17, r? = (/17)? = 17.

x* + y* =17 is the equation of the circle.

Example 3

Find the centre and radius of the circle whose equation is
2x* + 2y* =16

Solution

Simplifying 2x* + 2y* = 16
x*+y*=38

Comparing with x2 4+ y? = 72

r* =8

r‘=\."'§=\."4 )4 2=2\."E

The circle has centre (0, 0) and radius » = 22

Exercise 7.1: Solve in groups of three. Present your findings to
the class.

1. Find the equation of a circle with centre the origin and the
radius given in (a - f) below.
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a) r=3

b) r=5
c) r =413
d) r=1
e) r=1%

2. Find the radius of the circles whose equations are given below.
a) x*+y*=25
b) x*+ y*=100
c) x*+y*=81
d) x*+y*=1
e) x*+y*=29
f) x*+y*=21
g) 9x*+9x% =25
3. Determine the equation of each circle whose centre is the origin
and that passes through the given point below.
a) (3.4)
b) (0,3)
c) (—2,0)
d) (—1,1)
e) (—1,—5)
f) (0,12)
9 (.7
h) (35,43

4. Calculate the area of the circles

a) x*+y* =49 d) x*+y*=2
b) x*+y*=9 e) x*+y*=7
c) x*+y*=16 f) x*+y*=36
The equation of a circle centre
Example 1

Study the figure 7.2 below and answer the questions that follow.
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Y

Figure 7.2

a. What do you observe about the diagram?
b. Using the distance formula, express the square of the radius in
terms of x, v, h and k.

Solution

You notice the figure has a circle whose centre is point (h, k) it passes
through a general point (x, y) at the circumference and has radius r.

In the right angled triangle
rP={x—h)2+(y—Kk)?

x—h
This expression is called the general equation of a circle centre (h, k)

and radius r units.

Example 2

A circle has an equation (x — 2)* + (¥ + 3)* = 25. Find the radius and
the centre of the circle.
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Solution

Compare the equation with general equation hence
(x—2)*+(y+3)* =25

(x—h)*+(y—k)}=r°

You notice

r* = 25 and hence

r = 5 units

(x —2)* = (x — h)* hence x — 2 = x — h and simplifying h = 2
(v+3)*=(—-k)

v+3I=v—k.

k =-3.

Hence h = 2 and k = —3 hence so centre (h, k)is (2,—3)

The circle has centre (2,—3) and radius 5 units.

Example 3

Determine the equation of a circle centre (2,3) with a point P(5,7) at
circumference.

Solution
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2

x

&

>
—5
0 5 0 15

X-axls

-5

Notice the relationship shown.

To have solutions for (x — h)*+ (v —k)*=r*, h=2and k=3

Radius r = /(7 —3)* + (5 — 2)°
r=+16+9 =+25=5.
Inserting r* = 25, h =2, and k = 3 in general equation we obtain

(x —2)*+ (v —3)* = 25.

Exercise 7.2: Work in pairs.

1. Use a graphing program like Desmos or Geogebra. Find the
centre and the radius of a circle whose equations are
a) (x—2)"+(y+5)° =
b) (x+3)*+(y—5)°=
¢) (x+a)y+(y+b)y=c’
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d) (x—2)"+(y+5)* =121
e) (x+2)°+(y—7)" =441
B (x—3)*+(+;?=025
g (v—2)"+(x—3)*=3
h) (y+17)° + (x+2)* =17
2. Find the equations of a circle given the coordinate of the centre

and its radius in (1) — (ii1) below.
1) Centre (1, 2), radius = 2
ii) Centre (-1, 4), radius ==
1) Centre (-4 , -3), radius = 3
1v) Centre (8 , 4), radius = 16
v) Centre (0.3, 0.7), radius = 0.25
vi) Centre (%1,_?1), radius =§
Vi) Centre (7, 8), radius = 14

3. Find the equation of a circle given its centre and one of its point

at circumference in the following questions:
a) Centre (0, 0) and pass through (6, 8)
b) Centre (2, 3) and pass through (8, 11)
c) Centre (-4, -3) and pass through (-1, 1)
d) Centre (-12, -7) and pass through (4, 5)
e) Centre (7, 2) and pass through (16, 14)
f) Centre [—3%,—4 %] and pass through (-2 ,—2% )

Find the equation of a circle given two points on its diameter

Example 1

a. How does the diameter of a circle relate to the radius?

b. If points A (x,,¥,) and B(x,,y,) are at intersection of the
circumference and diameter of a circle. How do these points
relate to the circle?
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Solution
A diameter forms a straight-line equivalent to two radius of a circle.

The middle most point of extreme ends of a diameter is the centre of
the circle.

Using the relationship that the midpoint of a point A (x,,y,) and
B(x3,y,)1s

M= [M':’%ﬂ-j) This point represent the centre of the circle as

shown in figure 7.3
(x2,¥2)

Alxy, 1)
Figure 7.3

The coordinates of M are the centre of such a circle.
The radius is half the length AB.

The equation of a circle can hence be obtained by substituting the
centre’s coordinate and the square of radius into the general equation.

(x—h)*+ (v—k)*=r*

Example 2

The end points of the diameter are A(—4,0)and B(2,4). in groups of
three, find the equation of this circle.

Solution
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The coordinate of M (the mid-point) is {¥ + g)

M= (_—:,i) = (—1,2) is the centre of the circle.

The diameter squared, (2r)* = (v, — ¥,)* + (x, —x,)°
= (2 —¥)? + (x; —xy)?
=(4—-0)"+(2——4)°

=44+ 6*=16+36=52

. 52
rl=""=13
4

r=*..."'ﬁ

Substituting centre and radius to general equation
(x—h)?*+ (v—k)* =1
(x ——1)*+ (v —2)* = 13.

(x+1)*+ (v —2)* = 13.
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Exercise 7.3: Work in pairs.

Find the equation of a circle given the two points below are opposite
co-ordinates of the diameter of the circle.

(—4,3)and (2,1)
(2,3)and (5,7)

(—2,4) and (4,11)
(—4,—7) and (8,9)

(5,7) and (=, 9)
(—21,—18) and (—9,-2)

Al

The expanded general equations of a circle

Example

In pairs,

a. Expand (x — h)* + (v — k)* = r* and arrage the terms in order
of powers of the variables

b. What do you notice about the coefficient of x2 and y2

c. Hence, express r in terms of A, k and c.

Solution

(x—h)(x—h)+(yv—k)(y—k) =1r°
x*—xh—hx+h*+y*—2yk+ k*=r-

x*—2xh+h* +y*—2yk+ k> =12

Rearranging constants together we get.

x*—2xh+h* +y*—2yvk+ k*=r%

Rearranging according to powers of x and y and alphabetically

x>+ y*—2xh—2yk + h* + k* = r°.
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x?+yi—2xh—2yk+h*+k*—r?=0 (1)

- You notice for a circle the coefficients of x*and y* are one in the
general and expanded form.
- The coefficients of x and y relate to the centre of the circle.

h® + k* — r%is a constant.

Hence the equation (i) above can be written as

x*+ y*—2xh—2vk +c =0.

This is the expanded general equation of a circle where:

Centre is (+h, +k) and

Radiusisr = \/(h)? + (k)* —¢

And coefficients of x*and v~ are 1

Example

In pairs, find the radius and the centre of the circle given its equation
isx?+y?—4x+2y—11=0.

Solution

Recall for x* + y* — 2xh — 2yk + ¢ = 0 for centre (h,k) and radius

r=(h)?+(k)?—c

Compare the two equations
x*+yi—dx+2y—11=0.
x*+ y*—2xh—2vk +c =0.
Hence:—2h = —4,h = 2.
—2k =42,k =—-1.

The centre is (2 ,—1)
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The radius r = \/(h)* + (k)* — ¢
= V274 17+ 11

f—

V16,

= 4.

Note: In these methods if the coefficient of both x“andy* are not 1 one
is required to make them 1 at the initial step.

The expanded equations of a circle

Just the way a general equation may be expanded in a similar way an
equation of a circle may exist as an expanded equation.

For instance the equation of a circle centre (2, 3) and radius 3 units
may be written as:-

(x—2)*+(y—3)* =3~

(x—2)"+(y—3)"=09.

Expanding the RHS

(x-2)x-2)+(¥-3)(y—-3)=29

x*—4x+4+y*—6y+9=9

xP—4x+yi—-6y+4=0

This equation is in the general form of x* + y* — 2xh—2yk +c =0

To determine the centre and radius from an expanded equation one
may use the general equation method as illustrated in the example
above. Alternatively one can complete the squares.

Task

By completing the square show that the centre is (3, -1) and the
radius is v/2 for the circle whose equation is

142



x*+yi—6x+2y+8=0

Exercise 7.4: Solve in groups.

1. Determine the centre and radius of the circles whose equations
are.
a) x>+ y*=0.16
b) x4+ y*—4x+ 10y—20=0
c) x*+y*—4x—6y—15=0
d) x>+ y*+20x+28y+144 =0
e) x*+y*—10y—75=0
f) 3x*+3y*—12x +6y =33
2. By completing the square determine the centre and radius of a
circle whose equation is
a) 2x*+2y*—2x —4y—10=10
b) x*+y*+ 2x— 6y =—9
c) x’+yi—d4x—6y+9=0
d) 2x*+2y*—16y+6 =0
e) x*+y*—8x=13
f) x*—4x+y*+25=-20
g) (x+3) +y*—10y+21=0

3. Determine the centre and radius of the following using any
suitable method.
a) x>+ vy +24x+14x —207=0
b) x2+y*—4x—6y+4+9=10
c) x*+8x+y*+6y=0

4. The equation of a circle of radius 5 units is
x% + y* — 6x + 4ky + 20 = 0. Find.
a) The centre of the circle in terms of &
b) The radius of the circle
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¢) The value of k&

Determining the equation of a circle given three points on its

circumference

Using simultaneous equations
The general equation of a circle can be expressed as
x% 4+ y% — 2hx — 2ky + ¢ = 0 since —2h and — 2k are different
constants we can use 4 = —2h and B = —2k
The equation simplifies to
x*+y*+Ax+By+c=0
Substitution of coordinates means generating simultaneous
equations that can be solved for 4, B and c.

Example

a) Determine the equation of a circle that has points
X(0,2),¥(2,0)and Z(0, —2)on its circumference.
b) Find the centre and radius of this circle.

Solution

Using the general form of equation
x*+y*+Ax+By+c=0

AtY,x=2,y=10
Substituting in general equation

2240424404c=0
24+C+4=0 (ii)

You notice the above three substitution form three simultaneous
equations

24+C+4=0 (ii)
2B+C+4=0 ().
—2B+C+4=0 (iif).
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To determine the values of A, B and C one can either use algebraic
manipulation or the matrix method.

By algebraic manipulation

Equation (1) and (i11) eliminate B

2B+ C+4=0and-2B+C+4=0give2C+8=0
20=—-8,C =—4

Substituting C in Equation (i1)
2A+C+4=0,24—-4+4=10

24=0,A=0

Substituting C in Equation (iii)
—2B+C+4=0

—2B+ —4+4=10

—2B=0FB=0.

Weobtain 4 =0, B=0and € = —4.
Substituting the constant on general equation

x*4+y*+Ax+By+c=0
x*+y —4=0
x*+yi=4
a) Expressing the equation in general form of
x*+y*=r>or (x—h)* 4+ (y —k)* =r* to determine centre and

radius we notice that
x: + }F: — 4
x? 4+ y? =r? so centre is (0, 0) and radius is » = V4 = 2 units.

Using geometrical method
From geometry we learn that when two points on the circumference
are joined they form a chord. The perpendicular bisector of the chord
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passes through the centre of the circle. This implies that all
perpendicular bisectors of chords meet at the centre of the circle. At
the center of the circle the perpendicular bisectors also form
simultaneous equations.

Example 1

In groups of four study figure 7.4 and answer the questions that
follow. Points  A(x;,¥,), B(x,v,) andC(x;vy;) are on the
circumference and lines L1, and L2 are perpendicular bisectors of lines
AB and BC respectively.

a. Write expression for the midpoints in the figure.

b. Write expression for the gradients of the lines AB and BC .

c. What is the relationship between the gradient of the chord and
the perpendicular bisector?

d. How useful are the gradient of these lines to the determination
of the equation of the circle?
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Solution
You notice that if A, B and C have defined coordinates you can
calculate the mid-point M, and M.

x,tes, ¥ty
1T¥s ¥y _)-

¥

My ( 2 2

M, (P57, 2008),

- !

Since the coordinates of A, B and C are known we can work out the
gradient of lines AB and BC

: Yo7
Gradient of AB = —

Xy =Xy

: Yz 7 ¥

Gradient of BC = =

X3 = X3

- You notice that line AB and L, are perpendicular while line BC
and L, are perpendicular. Since the product of the gradients of
perpendicular lines is — 1 it is possible to determine the
gradient of the lines L, and L,

- Using the calculated gradients and midpoints one can find the
equation of the lines L, and L, their intersection point is the
centre of the circle

- Using the coordinates of the centre and any one of the points A,
B or C one can calculate the equation of the circle.

Exercise 7.5: Work in pairs.

Using any suitable method, determine the equation of a circle that
passes through the following points. Sketch the circles. Leave your
answer in general form.

1. (3,4),(5,0) and (0,5)
2. (2,0),(4,—5) and (—1,—3)
3. (2,—1),(—1,2) and (5,2)
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(1,0),(0,1) and (—1,0)
(9,4),(8,7) and (4,9)
(4,—2),(0,0) and (9,3)
(—2,3),(2,3) and (0,1)
(—2,—3),(0,—1)and (2,—-3)

Tangent to a circle

A tangent to a circle contacts the circle at only one point on its
circumference, just as a tangent does to acurve.

® =N o ok

At the contact point of a circle to its tangent there exists a normal
that is perpendicular to the tangent.

Figure 7.5 below shows the relationship of a circle and a tangent.

tangent,
normal

Figure 7.5

You notice the part of the normal to the circle is a radius of the circle.
The tangent and the normal radius are perpendicular. The product of
their gradient is -1.

M X M

tangeant radius
M, x M, = —1
It 1s hence possible to calculate

1. The equation of tangent to a circle, given the point of contact to
the circle or a point of tangent away from the circle.
1.  The length of a tangent to a circle from a given point.
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The equation of a tangent of a circle

Given the equation of the circle and a point on its circumference.
Example 1

In pairs, find the equation of a tangent to the circle x* + y* =13 at a
point A(—3,-2)

Note the circle has centre (0, 0) and hence the sketch for the diagram
is Tangent

0—(-3) 3
0—(-2) 2

Gradient of normal radius =

Gradient of tangentM, is obtained by
M.M_= —1 (r and tangent are perpendicular)

M, = 1.

M, =—

|t

Tangent pass through (—3,—2), (x,v) and has gradient — g

Hence: &™— = —
x—3

Wl | b2
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y+2
x+3

2
3

+ 2 2 +2
v =—=x
) 35T

-

y=—x—4 This is the equation of the tangent

Given a point, the equation of the circle and the length of the tangent
Any external point of a circle always has two tangents. Each of the
tangents are normal to the radius at a point of contact as shown in the
figure 7.6.

(&

Figure 7.6

If the equation of the circle is defined, its radius and centre can be
determined. The distance OA can also be calculated using Pythagoras’
theorem.

Since we have right angled triangles OBA and OCA whose
hypotenuse and base can be calculated it is possible to calculate the
length of AB and AC and their equations using the general point (x, y)

Since triangles OBA and OCA are congruent, the length of the two
tangents are equal.
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Example 2

A circle has the equation (x + 1)* + (v — 2)* = 16 and a point Q (6, 8)
is away from the circle.

Calculate the length of the tangent from Q to the circle.

Solution

Q) (6, 8)

The circle has centre (1,-2) and radius = 4

The distance €@ = ,j[B —(—2))F ¥ (6— +1)°
CcQ = 125.

Using Pythagoras’ theorem

(€Q)* = (AC)* + 4Q°

125 =16 + AQ”

(AQ)* =V125— 16
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(4Q)* = V109

The length of both tangents is hence /109

Exercise 7.6: Work in pairs.

1.

Find the equation of the tangent to the circle

(x — 1)*+ (y + 1)* = 10 at the point(—2,—1).

Determine the equation of the tangent to the circle x* + y* = 13
from the point (-3,-2).

Prove that the line y = 3x + 10 is a tangent to the circle

x* + y* =10.

Determine the length of a circle x* + y* — 6x + 2y + 8 = 0 from
the point (6, -2).

Find the length of the tangent drawn from A (4, 5) to the point
of contact with circle (x — 3)* + (v + 5)* = 20.
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UNIT 8: KINEMATICS

In kinematics, we study the motion of objects without reference to
forces that cause this motion.

We discuss the parameters involved in the motion, such quantities
include distance, speed, displacement, velocity and acceleration.

Distance (D)
This is the length between two points or places. It has no reference to
the direction of motion.

Displacement (S)

This is the distance from one point to another. It places emphasis on
the direction of movement. For instance, the distance from A to B and
B to A is the same but the displacement is different since it includes
the direction. If A is vertically above B it is very important to specify
movement since the other quantities that affect it mainly depend on
the direction of movement.

Displacement is a vector quantity while distance is a scalar quantity.

Speed (s)
Speed refers to how fast something moves. It is measured as distance
moved over time.

distance d
Speed = — 5=-
time t
_ change in displacement dx
Speed = — 5=—
change in tims dt
Velocity

Velocity is speed with direction. Because the direction is important
velocity uses displacement instead of distance.
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. dizplacement K] change in dis placement ds
Velocity = =271 r== orv= g Br ro= —
time t change in time dt
d
From s = - d= vt
Acceleration

Acceleration is rate of change of velocity per unit time

. velocity v . change in velocity dw
Acceleration=—=2 g=- acceleration = cl L a==

time t change in time dt

Exercise 8.1: Work in pairs

1. A particle travels for 200 km in 5 hrs. Determine its speed.

2. An aeroplane moves at an avarage speed of 800 km/hr for 2 hrs
. calculate the distance covered by the plane.

3. A car passed a point A at a speed of 80 km/hr and at point C it
was moving at a speed of 100 km/hr. Calculate the average
acceleration if it took 2 hrs to travel from A toB.

Distance-time graphs

These are graphs that describe how a particle moves with respect to
time. It explains where an object is relative to a point after some given
time. Figure 8.1 below shows the distance tavelled by an object
against time in minutes.

EN
~ 5o
=
X 4x
o

1

- - - - - - - -

5§ 10 15 20 25 30 35 40 4¢

Time taken (minutes)
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Figure 8.1

The graph shows that the particle started moving at 0 minutes and
moved a total of 4 km in 30 minutes.

The particle was at rest between 10 minutes and 20 minutes and from
30 minutes to 40 minutes.

change in distance

The gradient of the distance time graph represents —
Ghﬁ?!gﬂ in rime

which is the speed. If the direction is included then the distance is
displacement and the gradient is velocity.

From the graph the velocity of the particle between 20 minutes and 40
minutes is:

Distance at 30 minutes = 4 km
Distance at 20 minutes = 1.5 km
Change in distance = 2.5 km

Change in time = 10 minutes

changeindistance A 2.5km .
Hence: speed = Chklik = — = — = (0.25 km/min.
changeintimae At 10min

If the gradient of the distance time graph is positive, it represents an
increase in the distance from a given point (i.e. the start). If the
gradient is negative it represents a particle moving back to the
starting point. Figure 8.2 represents such a motion.

Dis  ai— STATIONARY
pla ]
ce . COMING BACK
WITH
me CHAMGING SPEED
nt .
i GOING
(m * AWAY

Figure 8.2 TIME <52
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From the figure, moving away is at a constant velocity but coming
back the velocity is changing since the graph is not a straight line.

Velocity-time graph

This is a graph of velocity against time.

The gradient of the velocity time graph is the acceleration, since it
represents the change in velocity against time.

If velocity increases with time the change in motion is called
acceleration, a = 0

If velocity decreases with time the change in motion is called
deceleration, a < 0.

A particle moves from one point to another, the velocity at given
Iinstances is recorded in table 1.1 below.

Table 1.1

Time 1 2 3 1 5 6 7 8 9 10

velocity | 2 4 6 8 8 8 8 8 8 8

The velocity-time graph of this motion is shown in fig 8.3 below.

10
]

8
speed

(m/s)

time (s)

Figure 8.3

The gradient of the graph for the first four seconds is
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dv (8—0lm/=
a=—= —'I = 2m/s?
dt (4—0)=

It is the acceleration
The area of the graph for the time from 4 seconds to 10 sec is.
=txXxv=(10—4)X 8=6%X8 =48m

Notice that the area under a velocity-time graph is velocity multiplied
by time and is the distance.

The gradient of the velocity time graph describes the rate of change of
velocity: if it a line with positive gradient it is acceleration, if it is a
line with negative gradient it is deceleration and if it is a horizontal
line it represents movement at constant velocity. Figure 8.4 below
1llustrates these scenarios.

v Vo v
N b N
- I o
Constant 1 Constant 1 Constant 1
acceleration velocity deceleration
Figure 8.4

Exercise 8.2: Work in groups.

1. Figure 8.5 bshows a graph of velocity against time made by a
motorist. Study it and answer the questions that follow.

Velocity (m/s)
25

20

15 N
C

10

i

0 5 10 15 20 25 30
Time (seconds)

Figure 8.5
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(a) Describe the motion over intervals A, B and C
(b) Calculate the acceleration in each interval A, B and C
(c) Calculate the total distance moved by the particle.

2. Calculate the distance covered by an object whose motion is
1llustrated by the graph in figure 8.6.

welocity
(m/min)
80

60
40
20|/

/ time
/'_l[min)

-20 -

-40

10 20 30 40 50

Figure 8.6

3. Draw the graph showing the movement of a motorist who
started from rest, accelerated to a velocity of 80 km/hr in 30
minutes. After 30 minutes he travelled at constant velocity for
30 minutes before decelerating to stop within 5 minutes.
Calculate the total distance moved.

Hint: sketch a graph.

4. The motion of a plane is illustrated by the graph in figure 8.7
below.
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+100

+80
E 460 b A
=
) /
8 +40 2 /
2L

A
+20
0

10 20 30 40 50 60
Time ¢ (s)

a. Describe the motion in part A
b. Calculate the acceleration in intervals
1) A
11) B
c. Calculate the total distance travelled by the plane in the
first 60 seconds.

5. The graph in the figure 8.8 below shows the distance-time
graph for a particle moving from a point to the furthest point B.

mn F 4 L] = 1]

Tirme {howrs)
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Calculate:

(a) The total distance moved by the particle

(b) The displacement moved by the particle

(c) The velocity of the particle from 8hrs to 10 hrs.

(d) The velocity of the particle from in the first 2 hours.

Linear motion

Movement in a straight line is referred to as linear motion. This
motion can be expressed in terms of distance, velocity and
acceleration

There are three main linear motion formulas.
Acceleration is the rate of change in velocity.
initial velocity = u
final velocity = v
Change in velocity = v—u

If this change is done in time t seconds. Then acceleration (a) is
expressed as
r—u
t

a:

o) at = v—u
Making v the subject v=u-+at
Hence: final velocity= initial velocity + acceleration X time

Example

A particle started from rest and accelerated at a rate of 10 m/s? for 6
seconds. Find the final velocity.

Solution
v=u + at
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u=0m/s,a= 10m/s*, t = 6s

v= 0+ 10x6 = 60m/s

The equation of distance
Consider a particle that starts moving with:

initial velocity= u

final velocity= v

initial velocity +final velocity _ utv

average velocity= - -

Since distance = velocity X time s = (”:”") t

But v = u + at substituting in s and simplifying.

utu+ 2u+ 1
g = (Lﬂr)t:( u ﬂr)t: [u_-|— :ﬂ.t]t

-5 -5

t+1 t2
gE= U — far-
2

The equation of velocity without time is:
v = u-+at

Squaring both sides v* = (u + at)”
Expanding v2 = (u+ at) (u+ at)
v? = u® + 2atu + [atjf
v: = u® + 2atu + a’t’
vl =u2+ 2a(ut + %aﬂ)
Buts= ut —I—%atf
v:= u* + 2as

Hence the square of the final velocity i1s equal to the square of the
initial velocity added to acceleration x distance.
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Example 1

A particle accelerates from rest at an acceleration of 20 m/min2 for 2
minutes. Calculate the distance covered.

Solution
s = ut -I-%at:
u= 0m/min,t = 2min, a = 20 m/min”
s=0X 242x20 X 22 =400m
Example 2

A jet started at a velocity of 800 km/h and accelerated at a rate of 100
km/h to a final velocity of 1000 km/h. calculate the distance travelled
by the jet.

Solution

v: = u® t+as

= 800 km/h, v = 1000 km/h, a = 100 km/h?
Substituting in v* = u* + as

1000% = 800° + 100s

1000000 = 640 000+ 100s

1005 =1 000 000 — 640 000 =360 000

¢ = 360 000 = 3600 m
100

Exercise 8.3: Work in groups.

1. A car uniformly accelerates from a velocity of 10 m/s to a

velocity of 15 m/s in a time of 20 sec. find the distance travelled
by the car.
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2. A motor cyclist reduces speed from 10m/s to 4 m/s over 28 m.
Assuming the deceleration is constant, determine the
deceleration and how long the cyclist will travel on his motor
cycle before he comes to rest.

3. A car uniformly accelerates from a velocity of 10 m/s to a
velocity of 30 m/s in a time of 25 seconds. Calculate the distance
travelled.

4. A car reduces speed uniformly from 8 m/s to 5 m/s over 150m.
Assuming the deceleration continues, how long does it take to
come to rest?

5. For 20 seconds a particle uniformly accelerates from a velocity
of 20 m/s to 50 m/s. Find its acceleration.

6. A motorist uniformly reduces his speed from 20 m/s to 5 m/s
over 200m. Assuming the deceleration continues calculate:

(a) the deceleration
(b) the time taken to come to rest
(c) the distance taken to come to rest

7. A train starts from rest. After 15 sec its velocity is 20 m/s .how
long does it take to travel 200m?

8. A car travelling at a speed of 25 m/s applies brakes to pass over
a bump. Its speed reduces uniformly to 10 m/s after 2 minutes.
How far would the car travel at the same deceleration to come
to a stop?

Movement under gravity

When an object is falling freely, it is subject to an acceleration due to
gravity. The value of acceleration varies across the earth. However,
the value usually used 1s 9.8m/s2 towards the earth, it is denoted as g

meaning acceleration due to gravity. Considering the three equations
of motion

v = u+at

1
s = ut+-at?
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vi= u? + 2as

On substituting the value of a with —g the free fall equations are
vr= u—gt
5= ut— % gt:
v:= u* —2gs

Example 1

A stone 1s thrown vertically upwards with an initial velocity of 29.4
m/s.

(a) What 1s the maximum height?
(b) What is the time taken to reach this height?

Solution

a) vi= u*—2gs

u= 294m/s g= 98m/s® v= 0m/s.
0= 29.4°- 2(9.8)s

29,4°

s=——=441m
2(9.8)
b) v=u—gt
0= 294 — 9.8t
29.4
t=——= 3 sec
9.8

Example 2

A stone is dropped down from the top of a building. It reaches the
bottom of the building in 3.5 seconds. How tall is the building?
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Solution

5‘:

u= 0m/s,g= 9.8m/s2, t = 3.5s

v =7

1 -
ut +—gt-
5 g

0X t+298 X 352 = 600m

The building is 60 m tall.

Exercise 8.4: Work in groups.

1.

A stone 1s thrown vertically upwards with a velocity of 5 m/s.
What is the maximum height of the stone in the air?

A bullet is projected vertically upwards to a maximum height of
154.34 m. Find the initial velocity of the bullet.

A ball 1s dropped down a well. It reaches the bottom of the well
in 3.2 seconds. How deep 1is the well?

A watch is dropped from the top of a building 122.5 m high.
How long does it take for the watch to reach the bottom of the
building?

A stone is thrown into the air with a velocity of 8 m/s. How long
does the stone take to reach its maximum height?

A bullet is fired vertically upward and attains a maximum
height of 800 m. Find the initial velocity of the bullet.

A bag of cement falls from the top of a wall 45 metres high.
Find the bag’s speed just before it hits the ground.
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8. A stone is thrown vertically upwards with a velocity of 15 m/s
from the top of a building 20 metres high. The stone lands on
the ground below. Find the time of flight for the stone.

9. A rocket is projected vertically upwards from the ground. It
runs out of fuel at a velocity of 52 m/s and a height of 35 m.
From this point on it is subject only to acceleration due to
gravity. Find the maximum height of the rocket.

10. A mason is vertically up a tower at a certain height and
accidently drops his hammer. The man ascends a further 45 m
and drops a pair of pliers. The pair of pliers takes 1 second
longer than the hammer took to reach the ground. Find:

a. the height above the ground at which the worker
dropped the hammer.
b. the time it took the pair of pliers to reach the ground.
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UNIT 9: VELOCITY

Components of velocity vertically and horizontally

Unlike linear motion where particles move in a straight line most of
the time particles move in two or three dimensions. The movement in
two dimensions is expressed differently from one dimensional motion.

In this unit we will describe motion in two dimensions. For instance
when a ball is hit it moves both horizontally and vertically by
travelling in a diagonal path at a velocity () as shown in figure 9.1.

velocity (v)

Vertical (v, )

=

Horizontal(v,.)

Figure 9.1

These velocities are expressed as vectors to point out the direction of
movement. For instance if (v, ) is positive the object moves up, if
negative it moves down and if (v,) is positive object moves to the right

and if negative it moves to the left. Since the direction is important
U COS E‘)

[
the velocity can be written as a vector v = ( x) = (v cin B
¥

..

The magnitude of the velocity can be calculated using Pythagoras’
theorem v* = v *+v.*, v = v+ v>
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Example 1

A ball is hit such that the components of velocity are

v, =—12m/sand v, = 10m/s

a) Illustrate these movements on a sketch.
b) Calculate the angle of projection of the ball.
c¢) What is the magnitude of the initial velocity (v)?

Solution

v, = 10m/s

b) tan§ =—

6 =tan" ! (ﬂ)
—12

8 =39.8% to 1d.p..

ov?=v7+v,* =100 + 144

—_—

v =+/244 = 15.6 m/s to 1d.p.
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Example 2

A child kicks a soccer ball off of the top of a hill. The initial velocity of
the ball is 15.0 m/s horizontally. After 5.00 s, what is the magnitude of
the velocity of the ball?

Solution

The velocity of the ball after 5.00 s has two components. Once these
two components are found, they must be combined using vector
addition to find the final velocity. The ball was kicked horizontally,
S0 Uxo = 15.0 m/s, and vyo = 0.0 m/s. The x component of the velocity
after 5.00 s is:

Ux = Uxo

and the y component is:

Uy = Uyo - 8t

Uy =(0.0 m/s)-(9.80 m/s2)(5.00 s)

Uy =-49.0 m/s

In projectile motion problems, up is defined as the positive direction,
so the y component has a magnitude of 49.0 m/s, in the down
direction.

To find the magnitude of the velocity, the x and y components must be
added with vector addition:

V2 = U2 + vy?

v2 = (15.0 m/s)2 + (-49.0 m/s)2

v2 = 2626 (m/s)2

~v=51.24m/s

The magnitude of the velocity is 51.24 m/s.

Though it was not asked for in the question, it is also possible to find

the direction of the velocity as an angle. If the horizontal direction is
0.0 radians, the angle can be found with the equation:
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tang = opposite

adjacent
tand = Yy
X
—-49.0m/s
M= T50om/s
tanf = -3.267

-0 =tan 1 (-3.267)
6 = -1.274 radians
0 =-72.98°

Therefore, the velocity (magnitude and direction) of the ball after 5.00
s was 51.24 m/s, -72.98° down from the horizontal.

Example

A toy rocket is launched in a flat field, aimed at an angle 60.0° up
from the horizontal (x) axis. Its initial velocity has a magnitude of
20.0 m/s. How much time does the toy rocket spend the air, and how
far from its launch point does it land in the field?

Solution

The first thing that must be found to solve this problem is the initial
velocity in the x and y directions. The velocity that is given has both x
and y components, because it is in a direction 60.0° up from the
horizontal (x) direction. The initial velocity can be broken down using
an equation relating the sine and cosine:

1=cos2 60 +sin26
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We multiply both sides by the initial velocity squared vo2:

(V62)(1) = (Vo?)(cos? O) + (vo?)(sin? O)

VoZ = (Vo c0s80)2 + (vo sinO)2

The equation for vector addition of the initial velocity components is:

Uo? = Uxo? + Uyo2

So, the components of the velocity can be set equal to the parts of the
equation above:

Uxo? = (Vo c0s0)2

~Uxo = Vo €0SH

and vyo? = (Vo sinH)2

~Uyo = Vo SINB

So, the initial velocity in the x direction vxo 1s:

Uxo = Vo CcOSO

Uxo = (20.0 m/s)(cos60°)

vxo = (20.0 m/s) (%)

Uxo = 10.0 m/s
and the initial velocity in the y direction is:
Uyo = Uo sinf
Uyo = (20.0 m/s)(s1n60°)

. 3
V,0 = (20.0 m/s) ""’T

Uyo = 17.32 m/s

To find how long the toy rocket was in the air, use the equation for the

vertical distance for the rocket:
y = Vot — lgtz
¥0 2
The field is flat, so the rocket will hit the ground again at y = 0.00 m.
So, set the left side of the equation equal to that height:
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0.00m = th—% t?

0.00m=(17.32m/s)t - %{9.80 m/s*)t
(-4.90 m/s?2)t2 + (17.32 m/s)t + 0.00 m =0

This has the form of the quadratic equation, with ¢ as the variable:
_ —b+b? —4ac

If at2+ bt +c¢ =0, 2a

—(17.32m/s) + %,.f'{l?az m/s)* —4(—4.90 m/s2) (0.00m)
B 2(—4.90 m/s?)

~(17.32m/s) +/(17.32m/s)>
B (—9.80 m/s?)

_ —(17.32mys) £ (17.32 m/s)
B (—9.80 m/s?)

There are two solutions for t, depending whether the positive or

t

negative in the = symbol is chosen. Solving for each:

£ = —(17.32m/s)+ (17.32m/s)
+ =

(—9.80m/s?)
—0.00m/s
t+ = ',
(—9.80 m/s?)
t+=0.00 s
and
b —(17.32m/s) - (17.32m/s)

(—9.80 m/s?)
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_ —(34.64m/s)
"~ (—9.80m/s?)

t_

t.=3.53s

The first solution is the starting time, and the second is the time at
which the toy rocket reaches the ground again. Therefore, the amount

of time that the toy rocket spent in the air was 3.53 seconds.

To find the distance from the starting position to the landing position,
use the equation for horizontal distance:

X =Uxol

The time that the toy rocket traveled through the air was just found

to be 3.53 s. Using that number, the horizontal distance 1is:

X =Uxot
x = (10.0 m/s)(3.53 s)
x=35.3m

The toy rocket lands 35.3 m away from its launch position.

Exercise 9.1: Work in pairs.

1. A ball is kicked at an angle of 309 with a speed of 24.3 m/s.
a) Illustrate the motion of a sketch.
b) Calculate the vertical and horizontal components of the
velocity.

2. A seagull is flying with velocity v = (—184 :2) m/s .

a) What is the magnitude of the velocity of the seagull?
b) What is angle of the velocity?

3. A ball was thrown at 30° angle and the speed is 20 m/s.
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a) What’s the minimum speed of the ball in the flight path?
Where will that happen?

b) How long will the ball travel before hitting the ground?

c) What is the maximum high that the ball can reach?

d) How far will the ball reach horizontally?

e) What is the final velocity right before hitting the ground?

f) If the angle changes to 60°, how far will the ball reach?

4. A pilot flying a constant 215 km/h horizontally in a low-lying
helicopter, wants to drop documents into his contact’s open car
which 1s traveling 155 km/h in the same direction on a level
highway 78.0 m below. At what angle (to the horizontal) should

the car be in his sights when the packet is released?

5. An object is thrown horizontally off a cliff with an initial
velocity of 5.0 meters per second. The object strikes the ground
3.0 seconds later.

a) What is the vertical speed of the object as it reaches the
ground?

b) How far from the base of the cliff will the object strike
the ground?

c¢) What is the horizontal speed of the object 1.0 second
after it 1s released? [Neglect friction.]

6. Stones are thrown horizontally with the same velocity. One stone
lands twice as far as the other stone. What is the ratio of the height
of the taller building to the height of the shorter?

7. A tiger leaps horizontally from a 6.5 m high rock with a speed
of 4.0 m/s. How far from the base of the rock will she land?
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8. A projectile was fired horizontally from a cliff 19.62 m above
the ground. If the horizontal range of the projectile is 20 m,

calculate the initial velocity vO of the projectile.

9. A ball projected horizontally with an initial velocity of 20 m/s

east, off a cliff 100. meters high. [Neglect air resistance.]
a) During the flight of the ball, what is the direction of its
acceleration?
b) How many seconds does the ball take to reach the
ground?

10. Reflection Question: Mathematically prove that the trajectory
of a projectile is actually a parabola (i.e., a quadratic equation).

Exercise 9.2: Work in pairs

Find the magnitude and angle of the resultant.

9 mi

6 mi

25 m

32m
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3. Bill drives 14 miles North, then 5 miles East, then 4 miles
South.
a. What is his total distance traveled?

b. What is Bill’s displacement (magnitude and direction).

Find the horizontal and vertical components of each vector.

6. A plane taking off is traveling 225 m/s at an angle of 22 degrees
with the ground. Calculate the horizontal and vertical components of
1ts velocity.

Water flow 22 m/s
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A small motorboat normally travels at 5 m/s in calm water. It is
trying to get across a 56-meter wide raging river that is flowing at 22
m/s.

7. Draw a vector diagram that shows the velocity of the boat.
8. Find the resultant vector for velocity (magnitude and direction)
9. How much time does it take for the boat to reach the other bank?

10. How far downstream is the boat (relative to where it started)
when it reaches the opposite bank?

Ted drives 15 miles East then turns 30 degrees to the North and
drives 23miles.

11. What distance did Ted travel?

12. What is Ted’s displacement (magnitude and direction)?

Hint: Start by drawing a vector diagram then resolve the angled path
Into components.
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UNIT 10: FORCE AND MOMENTUM J

Force makes changes to a body’s motion. It can change the velocity of
an object. The standard international units of force are Newton (N).
Newton’s First law is Force = mass X acceleration

Types of forces

There are many types of forces.

Weight (w)

Weight is the force due to gravity. Weight is experienced as a
downwards pull on an object. It is proportional to the mass of the
object.

Weight is the product of mass (in kg) and the acceleration due to
gravity (g) 9.8 m/s2,

Example

Calculate the weight of a stone 5kg.

Solution
weight = mass X acceleration due to gravity
=5 x 98
= 49N

In a diagram, weight is expressed as downwards force.

Skg
iV 7

Bench

Weight
Figure 10.1

Figure 10.1 above illustrates the weight of a stone.
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Reaction force

The stone does not fall through the table because the table exerts an
equal and opposite force to the weight known as the normal reaction.
The normal reaction force acts perpendicular to the surface.

The reaction force to the force of gravity is illustrated in figure 10.2
below.

The reaction force to weight is called the Normal Force (Fx)

Reaction of the

table surface

meig ht of

the book

Figure 10.2

Tension (T)

Tension is a force that is transmitted through a string, rope, cable or
wire when it is pulled tight by a force acting in the opposite direction.
Its symbol is T. It is directed along the direction of the wire and pulls
on the object in the opposite direction.

The figure 10.3 below shows tension force.
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/////////L/////////////////////////

* Tension force

Tension force T depends on the weight and any net motion

If the stone is moving upwards (Pull) the tension increases, if it is
moving downwards the tension decreases

Tension = weight + mass X acceleration
T=mg+ma

Example

A stone 10kg is hanging. Calculate:

1.  Tension force if acceleration of the stone is 0 m/s2
1.  Tension force if the acceleration of stone is +5m/s2 (upwards)
1i.  Tension force if acceleration of stone was -5m/s (downwards)

Solution

.. T=mg+ma
=10 X 98+5 X 0=98N
ii. T=mg+ma
=08 X 10+5x10=148 N
iii. T=mg+ma
=10 X 98— 10 X 5=98 —-50=48 N
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Friction force (Fr)

Friction force is the retarding force to a moving object. It comes into

play when two bodies are in contact with each other.

Friction force (Fr) depends on the weight of the object and the

coefficient of friction(u). The coefficient of friction depends on the

texture of the surfaces of contact between the two bodies.

Figure 10.4 below shows relationship between friction force, weight

and applied force on an object.

MNormal Force

i

Applied Force
P F
Friction o _ _ _ _———

Fr = uFy

Weight W =mg

Figure 10.4

Fp — Is friction force

u — 1s coefficient of friction

F, - Is the Normal force

Example

A truck pulls a car 1 tonne. What is the normal force on the car?

a) What is the frictional force between the car and the road if

the coefficient of friction i1s 0.2.
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Solution
a) F, =weight =mg
= 1000 x 9.8 = 98300 N
b) Fe = pFy =9800 X 0.2=1960N

Thrust force

Thrust is a force that accelerates a mass in a particular direction. The
accelerated mass will cause a force equal in magnitude (assuming the
object 1s moving at constant velocity) but in an opposite direction

(drag).

Some of the best illustration for a thrust force is a flying aeroplane, a
motorboat moving on water or an object floating on river water, a
moving fish and figure 10.5a below illustrate the thrust forces of a
moving fish.

Lift

Thrust / Drag
< >
_

Y
Weight

Figure 10.5a
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-l Airspeed

Lit = Weight
Thrust = Drag

Airplane moves in a straight line at
constant airspeed.

Figure 10.5b
Figure 10.5b shows the thrust force experienced by a flying plane.

From the Newton’s law thrust is a product of the mass of moving body
(m) X acceleration of the moving body. The net thrust is engine thrust
less the drag.

Excess(Net)Thrust = Thrust(Engine) — Drag

Fl'a.rcass} = ma

Example

Calculate the excess thrust of a plane 15 tonnes accelerating at a rate
of 200 m/s2

Solution

Tl'a.rcsss}

.

= mda

= 15000 x 200 = 3 000000N = 3000 kN
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Exercise 10.1: Work in pairs. Assume objects are on a
horizontal plane.

1. Calculate the weight of objects with mass

a) 2kg d) 0.25 kg
b) 10 kg e) 300¢g
¢) 3 tonnes f) 200 kg
2. Calculate the reaction force on the following objects with mass.
a) 3 kg d) 2.1kg
b) 2.5 kg e) 2.5 kg

¢) 5 tonnes
3. Calculate the mass of the objects with the following weight

a) 2N d) 0.84 N
b) 12N e) 0.98N
¢) 1042 N

4. A flying machine lifts a package of 3 tonnes upwards at an
acceleration of 10m/s2. Calculate the tension force.
Hint: draw a diagram

5. Garang is pulling a solid of 10kg.

Calculate:

a) The weight of the box.

b) The normal reaction force on the box.

¢) The frictional force if the coefficient of friction is 0.3.
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Composition of forces

Composition of forces is also called the resultant force. It is the net
force of all the forces acting on an object. It is the vector product
when two or more forces act on a single object. It is calculated by
vector addition of the forces acting on an object.

The composition of forces may include force acting on one line, a point
or at different lines.

Forces acting in one line can be added
Example

A mason lifts a stone of 20kg with a force of 350N. What is the
resultant force with which he will lift the stone? What is he
acceleration?

Solution Lift

y

Weight
weight =20 X 9.8=196 N
Lifting force = 350N
Assume upward force is positive
Resultant force = 350N — 196N = 154N.
He was able to lift it since the resultant force upwards is 154N.
The acceleration is 154 + 20 = 7.7 m/s?2
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Concurrent forces

These are forces that do not act in one line but all pass through same
point

N\

R EEEEEEEE EEEE

Resultant force
Vertical force

3]

. Horizontal force
Common point

The resultant force vector is the diagonal of the rectangle created by
both horizontal and vertical forces and their parallel lines.

The magnitude of resultant force can be calculated by use of
Pythagoras’ theorem and its direction by trigonometry.

__ {Fcos#@
F= (F sin # )
Example

An object of mass 40kg is moving along the ground, experiencing a
frictional force of 100N. Calculate

a) The magnitude of the resultant force of the normal reaction and
friction
b) The direction of the resultant force, relative to the ground

Solution

39ZN

FRICTION
100N
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F, = weight =40 X 9.8= 392N

a) Resultant force = /3922 4+ 1002

= /163 664 = 404.6 N to 1d.p.

b) sinf =—— = 0.968968
404.55

g = sin~ 1 0.968968
g = 75.7° to 1d.p.

Exercise 10.2: Work in pairs.

1. A crane is lifting al tonne bag using a force of 9900N. Calculate
the resultant force.

2. A coach is assisting his colleagues on a bench and press with a
barbell of 100 kg. The coach provides a force of 70N and his
colleagues a force of 920N.

1) What is the resultant force?
11) Did they manage to pull the barbell?

3. The weight of an object is 2200N. A frictional force of 500N is
experienced backwards. Find the resultant force of the normal
reaction and the frictional force.

a) What direction is the resultant force?
b) What is the magnitude of the resultant force?

Resolution of forces

Resolution of forces is separation of a single force into two or more
different forces with different directions that when taken together are
equivalent to the single force. It is the opposite of composition forces.

Example

An object experiences a resultant force of 120N at an angle of 60° to
the x direction. Calculate the components of the force, F, and F,
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Solution
F =120cos60°= 60 N

F, = 120sin60° = 103.9 N to 1d.p.

Co-planar forces
A plane is a flat surface. Co-planar forces act in one plane. These
forces may be concurrent, parallel, non-concurrent or non-parallel.

The resultant co-planar forces are determined by the magnitude of the
different forces and their direction of action.

Collinear co-planar forces

These are forces acting in one line in a given direction.

For instance on pulling a stone and pushing it to same direction as
shown below

F, = Push force.

F, = engine push.

F; = pulling force.

The resultant force F = F, + F, + F,

If a body is pushed from both sides then the resultant force is the
difference.




Resultant force =F =F, — F,

Triangle and polygon of forces

Resultant concurrent co-planar forces
These are forces that act in the same plane, in different directions but
Intersect at a common point.

Graphical method is easier to calculate resultant forces

Consider the forces
FJ.

)B F:

o

The steps involved are:-

i) Choose a convenient scale for F, and F,
ii) From point O draw vector OF,
iii) From point O draw vector OF, at an angle 0

Consider two forces acting at a point as shown in the figure 10.6
below. R

0

F,
The angle between F; and F, is 8%. The resultant force F forms a
parallelogram as shown below.
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Using trigonometry

[
= JFE +Fi + 2F,F,cos8
F,S5inB

= in~ 11~

B sin ( = )
iv) Complete a parallelogram OF,F_F, by drawing parallel lines to

OF, and OF,
L F

Measure line OF for F(resultant force) multiply OF by the scale to
find the resultant force.

Resultant forces of more than two forces
When there are more forces we develop a polygon of forces and a scale
drawing can be used.
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Consider the four forces F,F,F; and F, in the figure 10.7 below

4

¥

4

1) Choose an appropriate scale for F,,F,,F; and F,

11) Taking any point A, draw a vector OF, parallel to OF,such that

OF, = AB= F,

iii) From B, draw a vetor parallel to OF, such that BC = OF, =F,
parallel to OF; and CD= OF, = F,
parallel to OF, and DE= OF, = F,
vi) Join A to E to form a polygon. AE = F which is the resultant

1v) From point C, draw CD
v) From point D, draw CE

magnitude and direction of these forces.
Magnitude of resultant force F = Length AE x Scale

Exercise 10.3: Work in groups.

Hint: always draw a digram

1. A force of 100N acts at a point at 30° to the horizontal.

Determine the:

a) The force in the vertical direction.
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b) The force in the horizontal direction.

2. A metal block weighing 100N is placed on an inclined plane
that makes an angle of 300 with the horizontal. Calculate the
component of the weight;

1) Parallel to the inclined plan.
11) Perpendicular to the inclined plane.

3. Four co-planar equal forces act from a point O where their
bearings are 0900 for F1, 3360 for F2, 2679 for F3 and 1890 for Fa.

1) Draw a sketch illustrating these forces.
11) Determine the relative magnitude and direction of
the resultant force.

4. Three collinear forces of magnitude 200N, 100N and 300N are
acting on a rigid body. Determine the resultant forces.

5. Four collinear forces of magnitude 200N to right, 400N to right,
20N to the left and 180N to the left act on a body. Determine
the resultant force.

6. A boy lifts a load of 10kg with a force of 100N. He is assisted by
a machine with pulling force 20N. Calculate the resultant force.

7. Three forces A, B and C of magnitude 30 kN, 25 kN and 45 kN
respectively act at a point. The angle between the forces A and
B is 35° and the force C makes an angle of 130°with the force A
in the anticlockwise direction. Find the resultant force F and its
direction.

8. Find the resultant of two forces 80 000N and 50 000N act at a
point with an angle between them of 60°.

Equilibrium of forces and Lami’s Theorem

Resultant force, in its most basic form, is force carrying magnitude
and direction resulting from the actions of a given set of forces on a
particular point or particle. The resultant force always produces the
same effect as the net force generated by all the given forces.

If the resultant force is zero, body is in equilibrium, i.e. there is no net
acceleration, so the body will either continue at rest or moving with
constant velocity.
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Analytical Method for the Equilibrium of Three Forces

Q

Rv
If a set of given forces acting on a body does not produce any
alteration in the motion of the body, the forces are in equilibrium.

Lami’s Theorem states: “If three coplanar forces acting on a point
produce the effects of equilibrium, then each of them are proportional

to the sine of the angle between the other two.”
P Q R

sin ar sinfi siny

Where P, Q and R are the given forces and a, B and y are their
respective angles as given in the diagram.

Now let’s derive the theorem.

180° —
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The three forces are in equilibrium so form the closed triangle as
shown.

Using the sine rule

P B Q B R
sin(180° — @) sin(180°— ) sin(180°—y)

From the graph of sin &, sin(180° — ) = sin @

So the expression becomes:

P Q R

sina sinf siny

Which is Lami’s theorem.

Example

A light bulb weighing 42N is hanging as shown in the figure 10.9
below.

LIS LIS /(////// SIS

409 vy

60°

VTS

Calculate 1) Tension in OX, T,

11) Tension in OY, T,
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Solution

The bulb 1s static and hence the three forces T,, T, and T,, are in

equilibrium.

Hence, the angles at equilibrium can be calculated.

Hence the forces at equilibrium are

Y

1059
120°7 135°

42N

From Lami’s theory.

TJr _ T}. _ TW
sin 135%  sin120? sin 105°
.) Ty _ 42
gin 1357 gin 1057
T, = 2222228 —30.7 N to 1d.p.
gin 105
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T, 42
i) -

sin120° sin105°

T — i2xsin 120°
¥ gin 105"

==37.7 N to 1d.p.

Exercise 10.4: Work in pairs.

1. A security light bulb weighing 12 N is hung by a string as
shown in the figure. Determine the tensions in AC and BC of
the string.

2. A partially filled bag of cement of 40N is hung by a string
across two friction free pulleys as shown in figure 10.10 below.
Calculate the tensions T1 and T2 in the string.

’(—Sm —— 4m _;,.|

[ I
7\
l
6m
v v l
Tl E Tz
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3. A smooth sphere of diameter 20 cm weighing 20 N is supported
by a string fixed to the wall. The length of the string is three
times the radius of the sphere. Determine the reaction at the
wall and the tension in the string.

Hint: Draw a diagram

4. A string ABCDE with one end A fixed to the wall and the other
end E loaded with a weight of 300N. The string passes through
a frictionless pulley and another two weights are hung at B and
C as shown in figure. Determine the tension in the string and
the magnitude of weights W1 and Woa.

E . -
E
1507 1207
e — ."\.\.. ..-/:" —
B c 300 N
Y Y
W, W,

Momentum and Impulse

Any moving object can have momentum. This is because momentum
1s mass in motion. The way we determine an object's momentum is
fairly straightforward. Momentum is the object's mass multiplied by
its velocity, or, in equation form, p = mw, where p is

momentum, m 1s mass in kilograms, and v is velocity in metres per
second.

Momentum is proportional to both mass and velocity, meaning that a
change in one will cause a proportional change in the other. So if you
increase an object’s mass, you also increase its momentum. The same
1s true for velocity: increase or decrease the object’s speed, and you
increase or decrease its momentum proportionally.

Usually, it 1s the object’s velocity that changes rather than its mass.
You may remember that a change in velocity means the object is
accelerating. You may also remember that acceleration is caused by
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a force and that the greater the force, the greater the acceleration.
Therefore, the greater the acceleration, the greater the momentum,

Force is an important factor, but time also counts. Specifically, we are
interested in knowing how long the force acts. For example, if you
push a box across the floor for just a few seconds, the time interval is
very short. But if you push a box across the floor and you do so with
the same force as before, but this time for several minutes, you've
increased the amount of time the force acts. This longer time interval
leads to a greater change in momentum. This change in momentum is
called impulse, and it describes the quantity that we just saw: the
force multiplied by the time interval it acts for. The greater the
impulse, the greater the change in momentum. To change the
impulse, you can either change the amount of force, or you can change
the time interval during which the force acts. In equation form, we
can write this relationship between impulse and momentum as:

Ft = Amv

The Greek letter delta means 'change in,' and we read this equation
as force multiplied by the time interval equals the change in
momentum (mass multiplied by velocity).

Be careful not to read this as 'force multiplied by time equals mass
multiplied by velocity' because that suggests 1mpulse equals
momentum.' It is important to remember that impulse is a change in
momentum, not momentum itself.

Example 1

Calculate the momentum of a rock, 30 kg, rolling at a velocity of 100
m/s.

Solution

Momentum = mass x velocity
P =mv

= 30 X 100

= 3000 kgm/s
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Example 2

A rock 5kg experiences a 10N force for a duration of 0.1 second.
Calculate the change in momentum of the rock.

Solution

A Momentum = Impulse = F.t =10 X 0.1 =1 N/s

Exercise 10.5: Work in groups.

1.

A football player applies an average force of 80N to 0.25kg ball

for 0.10 second. Determine the impulse experienced on the ball.

Ann, 50kg is driving her car at a speed of 35 m/s. She notices a

pot-hole and suddenly applies the brakes. She is wearing a seat

belt and strikes an air bag together they stop her in 0.5 second.

a) What is the average force exerted by the air bag and seat
belt on her?

b) If there were no seat belt and air bag the wind shield would
stop her in 0.02 sec, at what force?

Calculate the momentum of a car of 1.5 tonne moving with a

speed of 80 km/h.

Calculate the force which makes a 12m/s change in velocity of

an object with mass 16kg in 4 sec.

A force acts on a stone of mass 4kg resulting in a velocity of

8m/s. Assuming the stone was initially at rest, find the impulse

of the force.

A ball of mass 1kg travelling with velocity 4m/s hits a wall and

then returns along the same line of travel with speed 2m/s.

a) Find the impulse of the wall on the ball.
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